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FIG. 10.— Left: The BICEP2 bandpowers plotted with the maximum likelihood lensed-⇤CDM+r = 0.20 model. The uncertainties are taken from that model
and hence include sample variance on the r contribution. Middle: The constraint on the tensor-to-scalar ratio r. The maximum likelihood and ±1� interval is
r = 0.20+0.07

-0.05, as indicated by the vertical lines. Right: Histograms of the maximum likelihood values of r derived from lensed-⇤CDM+noise simulations with
r = 0 (blue) and adding r = 0.2 (red). The maximum likelihood value of r for the real data is shown by the vertical line.
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FIG. 11.— Modified constraints on the tensor-to-scalar ratio r when sub-
tracting each of the foreground models shown in Figure 6 from the BICEP2
BB bandpowers. The line styles and colors match Figure 6 with dashed for
auto spectra and solid for cross spectra. The probability that each of these
models reflects reality is hard to assess — see the text for discussion.

atic contamination, and shown that foreground is highly un-
likely to contribute a large fraction of our observed signal, we
must ask what extensions to the standard model might resolve
this situation.

One obvious modification is to allow the initial scalar per-
turbation spectrum to depart from the simple power law form
which is assumed in the base ⇤CDM model. A standard
way in which this is done is by introducing a “running” pa-
rameter dns/d lnk. In Planck Collaboration XVI (2013) the
constraint relaxes to r < 0.26 (95% confidence) when run-
ning is allowed with dns/d lnk = -0.022± 0.010 (68%) (for
the Planck+WP+highL data combination). In Figure 13 we
show the constraint contours when allowing running as taken
from Figure 23 of Planck Collaboration XVI (2013), and how
these change when the BICEP2 data are added. The red con-
tours on the plot are simply the Monte Carlo Markov Chains
(MCMC) (Gamerman & Lopes 2006; Lewis & Bridle 2002)
provided with the Planck data release37 (and are thus identical
to those shown in that Planck paper). We then apply impor-

37 As downloaded from http://www.sciops.esa.int/

r0.002

le
ns

in
g 

sc
al

e 
fa

ct
or

 A
L

0 0.1 0.2 0.3 0.4
−0.5

0

0.5

1

1.5

2

2.5

3

3.5

FIG. 12.— Joint constraints on the tensor-to-scalar ratio r and the lensing
scale factor AL using the BICEP2 BB bandpowers 1–5. One and two � con-
tours are shown. The horizontal dotted lines show the 1� constraint from
Planck Collaboration XVI (2013). The BICEP2 data are compatible with the
expected amplitude of the lensing B-mode which is detected at 2.7�.
tance sampling (Hastings 1970) to these chains using our r
likelihood as shown in Figure 10 to derive the blue contours.

The point of Figure 13 is not to endorse running as the cor-
rect explanation of the observed deficit of low ` T T power.
It is simply to illustrate one example of a simple model ex-
tension beyond standard ⇤CDM+tensors which can resolve
the apparent tension between previous T T measurements and
the direct evidence for tensors provided by our B-mode mea-
surements — probably there are others. Of course one might
also speculate that the tension could be reduced within the
standard ⇤CDM+tensors model, for example if ⌧ or other pa-
rameters were allowed to shift. We anticipate a broad range
of possibilities will be explored.

12. CONCLUSIONS

We have described the observations, data reduction, sim-
ulation and power spectrum analysis of all three seasons of
data taken by the BICEP2 experiment. The polarization maps
presented here are the deepest ever made at degree angular
scales having noise level of 87 nK-degrees in Q and U over
an effective area of 380 square degrees.

wikiSI/planckpla section “Cosmological Parameters”.
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FIG. 13.— Indirect constraints on r from CMB temperature spectrum mea-
surements relax in the context of various model extensions. Shown here is
one example, following Planck Collaboration XVI (2013) Figure 23, where
tensors and running of the scalar spectral index are added to the base ⇤CDM
model. The contours show the resulting 68% and 95% confidence regions
for r and the scalar spectral index ns when also allowing running. The red
contours are for the “Planck+WP+highL” data combination, which for this
model extension gives a 95% bound r < 0.26 (Planck Collaboration XVI
2013). The blue contours add the BICEP2 constraint on r shown in the center
panel of Figure 10. See the text for further details.

To fully exploit this unprecedented sensitivity we have ex-
panded our analysis pipeline in several ways. We have added
an additional filtering of the timestream using a template tem-
perature map (from Planck) to render the results insensitive to
temperature to polarization leakage caused by leading order
beam systematics. In addition we have implemented a map
purification step that eliminates ambiguous modes prior to B-
mode estimation. These deprojection and purification steps
are both straightforward extensions of the kinds of linear fil-
tering operations that are now common in CMB data analysis.

The power spectrum results are perfectly consistent with
lensed-⇤CDM with one striking exception: the detection of a
large excess in the BB spectrum in exactly the ` range where
an inflationary gravitational wave signal is expected to peak.
This excess represents a 5.2� excursion from the base lensed-
⇤CDM model. We have conducted a wide selection of jack-
knife tests which indicate that the B-mode signal is common
on the sky in all data subsets. These tests offer very strong
empirical evidence against a systematic origin for the signal.

In addition we have conducted extensive simulations using
high fidelity per channel beam maps. These confirm our un-
derstanding of the beam effects, and that after deprojection
of the two leading order modes, the residual is far below the
level of the signal which we observe.

Having demonstrated that the signal is real and “on the
sky” we proceeded to investigate if it may be due to fore-
ground contamination. Polarized synchrotron emission from
our galaxy is easily ruled out using low frequency polarized
maps from WMAP. For polarized dust emission public maps
are not yet available. We therefore investigate a range of mod-
els including new ones which use all of the information which
is currently available from Planck. These models all predict
auto spectrum power well below our observed level. In addi-
tion none of them show any significant cross correlation with
our maps.

Taking cross spectra against 100 GHz maps from BICEP1
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FIG. 14.— BICEP2 BB auto spectra and 95% upper limits from several
previous experiments (Leitch et al. 2005; Montroy et al. 2006; Sievers et al.
2007; Bischoff et al. 2008; Brown et al. 2009; QUIET Collaboration et al.
2011, 2012; Bennett et al. 2013; Barkats et al. 2014). The curves show the
theory expectations for r = 0.2 and lensed-⇤CDM.

we find significant correlation and set a constraint on the spec-
tral index of the signal consistent with CMB, and disfavoring
synchrotron and dust by 2.3� and 2.2� respectively. The fact
that the BICEP1 and Keck Array maps cross correlate is pow-
erful further evidence against systematics.

The simplest and most economical remaining interpretation
of the B-mode signal which we have detected is that it is due
to tensor modes — the IGW template is an excellent fit to
the observed excess. We therefore proceed to set a constraint
on the tensor-to-scalar ratio and find r = 0.20+0.07

-0.05 with r = 0
ruled out at a significance of 7.0�. Multiple lines of evidence
have been presented that foregrounds are a subdominant con-
tribution: i) direct projection of the best available foreground
models, ii) lack of strong cross correlation of those models
against the observed sky pattern (Figure 6), iii) the frequency
spectral index of the signal as constrained using BICEP1 data
at 100 GHz (Figure 8), and iv) the spatial and power spectral
form of the signal (Figures 3 and 10).

Subtracting the various dust models and re-deriving the r
constraint still results in high significance of detection. For
the model which is perhaps the most likely to be close to re-
ality (DDM2 cross) the maximum likelihood value shifts to
r = 0.16+0.06

-0.05 with r = 0 disfavored at 5.9�. These high val-
ues of r are in apparent tension with previous indirect limits
based on temperature measurements and we have discussed
some possible resolutions including modifications of the ini-
tial scalar perturbation spectrum such as running. However
we emphasize that we do not claim to know what the resolu-
tion is.

Figure 14 shows the BICEP2 results compared to previous
upper limits. The long search for tensor B-modes is appar-
ently over, and a new era of B-mode cosmology has begun.

BICEP2 was supported by the US National Science
Foundation under grants ANT-0742818 and ANT-1044978
(Caltech/Harvard) and ANT-0742592 and ANT-1110087
(Chicago/Minnesota). The development of antenna-coupled
detector technology was supported by the JPL Research and
Technology Development Fund and grants 06-ARPA206-
0040 and 10-SAT10-0017 from the NASA APRA and SAT
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Model Parameter Planck+WP Planck+WP+lensing Planck + WP+high-` Planck+WP+BAO

⇤CDM + tensor ns 0.9624 ± 0.0075 0.9653 ± 0.0069 0.9600 ± 0.0071 0.9643 + 0.0059
r0.002 < 0.12 < 0.13 < 0.11 < 0.12

�2� lnLmax 0 0 0 -0.31

Table 4. Constraints on the primordial perturbation parameters in the ⇤CDM+r model from Planck combined with other data sets.
The constraints are given at the pivot scale k⇤ = 0.002 Mpc�1.

Fig. 1. Marginalized joint 68% and 95% CL regions for ns and r0.002 from Planck in combination with other data sets compared to
the theoretical predictions of selected inflationary models.

reheating priors allowing N⇤ < 50 could reconcile this model
with the Planck data.

Exponential potential and power law inflation

Inflation with an exponential potential

V(�) = ⇤4 exp
 

�� �
Mpl

!

(35)

is called power law inflation (Lucchin & Matarrese, 1985),
because the exact solution for the scale factor is given by
a(t) / t2/�2 . This model is incomplete, since inflation would
not end without an additional mechanism to stop it. Assuming
such a mechanism exists and leaves predictions for cosmo-
logical perturbations unmodified, this class of models predicts
r = �8(ns � 1) and is now outside the joint 99.7% CL contour.

Inverse power law potential

Intermediate models (Barrow, 1990; Muslimov, 1990) with in-
verse power law potentials

V(�) = ⇤4
 

�

Mpl

!��
(36)

lead to inflation with a(t) / exp(At f ), with A > 0 and 0 < f < 1,
where f = 4/(4 + �) and � > 0. In intermediate inflation there
is no natural end to inflation, but if the exit mechanism leaves
the inflationary predictions on cosmological perturbations un-
modified, this class of models predicts r ⇡ �8�(ns � 1)/(� � 2)
(Barrow & Liddle, 1993). It is disfavoured, being outside the
joint 95% CL contour for any �.

Hill-top models

In another interesting class of potentials, the inflaton rolls away
from an unstable equilibrium as in the first new inflationary mod-
els (Albrecht & Steinhardt, 1982; Linde, 1982). We consider

V(�) ⇡ ⇤4
 

1 � �
p

µp + ...

!

, (37)

where the ellipsis indicates higher order terms negligible during
inflation, but needed to ensure the positiveness of the potential
later on. An exponent of p = 2 is allowed only as a large field
inflationary model and predicts ns � 1 ⇡ �4M2

pl/µ
2 + 3r/8 and

r ⇡ 32�2⇤M2
pl/µ

4. This potential leads to predictions in agree-
ment with Planck+WP+BAO joint 95% CL contours for super-
Planckian values of µ, i.e., µ & 9 Mpl.

Models with p � 3 predict ns � 1 ⇡ �(2/N)(p � 1)/(p � 2)
when r ⇠ 0. The hill-top potential with p = 3 lies outside the
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Model Parameter Planck+WP Planck+WP+lensing Planck+WP+high-` Planck+WP+BAO

⇤CDM + dns/d ln k

ns 0.9561 ± 0.0080 0.9615 ± 0.0072 0.9548 ± 0.0073 0.9596 ± 0.0063
dns/d ln k �0.0134 ± 0.0090 �0.0094 ± 0.0085 �0.0149 ± 0.0085 �0.0130 ± 0.0090

�2� lnLmax -1.50 -0.77 -2.95 -1.45

+ d2ns/d ln k2

ns 0.9514+0.087
�0.090 0.9573+0.077

�0.079 0.9476+0.086
�0.088 0.9568+0.068

�0.063
⇤CDM + dns/d ln k dns/d ln k 0.001+0.016

�0.014 0.006+0.015
�0.014 0.001+0.013

�0.014 0.000+0.016
�0.013

d2ns/d ln k2 0.020+0.016
�0.015 0.019+0.018

�0.014 0.022+0.016
�0.013 0.017+0.016

�0.014

�2� lnLmax -2.65 -2.14 -5.42 -2.40

⇤CDM + r + dns/d ln k

ns 0.9583 ± 0.0081 0.9633 ± 0.0072 0.9570 ± 0.0075 0.9607 ± 0.0063
r < 0.25 < 0.26 < 0.23 < 0.25

dns/d ln k 0.021 ± 0.012 0.017 ± 0.012 �0.022+0.011
�0.010 �0.021+0.012

+0.010

�2� lnLmax -1.53 -0.26 -3.25 -1.5

Table 5. Constraints on the primordial perturbation parameters for ⇤CDM+dns/d ln k, ⇤CDM+dns/d ln k+r and
⇤CDM+dns/d ln k+d2ns/d ln k2 models from Planck combined with other data sets. Constraints on the spectral index and its de-
pendence on the wavelength are given at the pivot scale of k⇤ = 0.05 Mpc�1.

Fig. 3. Marginalized joint 68% and 95% CL regions for
(d2ns/d ln k2 , dns/d ln k) using Planck+WP+BAO.

count (McAllister et al., 2010) giving the potential

V(�) = µ3� + ⇤4 cos
 

�

f

!

. (46)

4.4. Open inflation

Most models of inflation predict a nearly flat spatial geome-
try with small deviations from perfect spatial flatness of order
|⌦K | ⇠ 10�5. Curvature fluctuations may be regarded as local
fluctuations in the spatial curvature, and even in models of infla-
tion where the perturbations are calculated about a spatially flat
background, the spatial curvature on the largest scales accessible
to observation now are subject to fluctuations from perfect spa-
tial flatness (i.e., ⌦K = 0). This prediction for this fluctuation is
calculated by simply extrapolating the power law spectrum to the
largest scale accessible today, so that ⌦K as probed by the CMB
roughly represents the local curvature fluctuation averaged over
our (causal) horizon volume. Although it has sometimes been
claimed that spatial flatness is a firm prediction of inflation, it

Fig. 4. Marginalized joint 68% and 95% CL regions for (r , ns),
using Planck+WP+BAO with and without a running spectral in-
dex.

was realized early on that spatial flatness is not an inexorable
consequence of inflation, and large amounts of spatial curvature
(i.e., large compared to the above prediction) can be introduced
in a precise way while retaining all the advantages of inflation
(Gott, 1982; Gott & Statler, 1984) through bubble nucleation by
false vacuum decay (Coleman & De Luccia, 1980). This pro-
posal gained credence when it was shown how to calculate the
perturbations in this model around and beyond the curvature
scale (Bucher et al., 1995; Bucher & Turok, 1995; Yamamoto
et al., 1995; Tanaka & Sasaki, 1994). See also (Ratra & Peebles,
1995, 1994; Lyth & Stewart, 1990). For more refined later cal-
culations see for example Garriga et al. (1998, 1999); Gratton &
Turok (1999) and references therein. For predictions of the ten-
sor perturbations see for example Bucher & Cohn (1997); Sasaki
et al. (1997); Hertog & Turok (2000).

An interesting proposal using singular instantons and not
requiring a false vaccum may be found in Hawking & Turok
(1998), and for calculations of the resulting perturbation spectra
see (Hertog & Turok, 2000; Gratton et al., 2000). Models of this
sort have been studied more recently in the context of the string
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FIG. 13.— Indirect constraints on r from CMB temperature spectrum mea-
surements relax in the context of various model extensions. Shown here is
one example, following Planck Collaboration XVI (2013) Figure 23, where
tensors and running of the scalar spectral index are added to the base ⇤CDM
model. The contours show the resulting 68% and 95% confidence regions
for r and the scalar spectral index ns when also allowing running. The red
contours are for the “Planck+WP+highL” data combination, which for this
model extension gives a 95% bound r < 0.26 (Planck Collaboration XVI
2013). The blue contours add the BICEP2 constraint on r shown in the center
panel of Figure 10. See the text for further details.

To fully exploit this unprecedented sensitivity we have ex-
panded our analysis pipeline in several ways. We have added
an additional filtering of the timestream using a template tem-
perature map (from Planck) to render the results insensitive to
temperature to polarization leakage caused by leading order
beam systematics. In addition we have implemented a map
purification step that eliminates ambiguous modes prior to B-
mode estimation. These deprojection and purification steps
are both straightforward extensions of the kinds of linear fil-
tering operations that are now common in CMB data analysis.

The power spectrum results are perfectly consistent with
lensed-⇤CDM with one striking exception: the detection of a
large excess in the BB spectrum in exactly the ` range where
an inflationary gravitational wave signal is expected to peak.
This excess represents a 5.2� excursion from the base lensed-
⇤CDM model. We have conducted a wide selection of jack-
knife tests which indicate that the B-mode signal is common
on the sky in all data subsets. These tests offer very strong
empirical evidence against a systematic origin for the signal.

In addition we have conducted extensive simulations using
high fidelity per channel beam maps. These confirm our un-
derstanding of the beam effects, and that after deprojection
of the two leading order modes, the residual is far below the
level of the signal which we observe.

Having demonstrated that the signal is real and “on the
sky” we proceeded to investigate if it may be due to fore-
ground contamination. Polarized synchrotron emission from
our galaxy is easily ruled out using low frequency polarized
maps from WMAP. For polarized dust emission public maps
are not yet available. We therefore investigate a range of mod-
els including new ones which use all of the information which
is currently available from Planck. These models all predict
auto spectrum power well below our observed level. In addi-
tion none of them show any significant cross correlation with
our maps.

Taking cross spectra against 100 GHz maps from BICEP1
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FIG. 14.— BICEP2 BB auto spectra and 95% upper limits from several
previous experiments (Leitch et al. 2005; Montroy et al. 2006; Sievers et al.
2007; Bischoff et al. 2008; Brown et al. 2009; QUIET Collaboration et al.
2011, 2012; Bennett et al. 2013; Barkats et al. 2014). The curves show the
theory expectations for r = 0.2 and lensed-⇤CDM.

we find significant correlation and set a constraint on the spec-
tral index of the signal consistent with CMB, and disfavoring
synchrotron and dust by 2.3� and 2.2� respectively. The fact
that the BICEP1 and Keck Array maps cross correlate is pow-
erful further evidence against systematics.

The simplest and most economical remaining interpretation
of the B-mode signal which we have detected is that it is due
to tensor modes — the IGW template is an excellent fit to
the observed excess. We therefore proceed to set a constraint
on the tensor-to-scalar ratio and find r = 0.20+0.07

-0.05 with r = 0
ruled out at a significance of 7.0�. Multiple lines of evidence
have been presented that foregrounds are a subdominant con-
tribution: i) direct projection of the best available foreground
models, ii) lack of strong cross correlation of those models
against the observed sky pattern (Figure 6), iii) the frequency
spectral index of the signal as constrained using BICEP1 data
at 100 GHz (Figure 8), and iv) the spatial and power spectral
form of the signal (Figures 3 and 10).

Subtracting the various dust models and re-deriving the r
constraint still results in high significance of detection. For
the model which is perhaps the most likely to be close to re-
ality (DDM2 cross) the maximum likelihood value shifts to
r = 0.16+0.06

-0.05 with r = 0 disfavored at 5.9�. These high val-
ues of r are in apparent tension with previous indirect limits
based on temperature measurements and we have discussed
some possible resolutions including modifications of the ini-
tial scalar perturbation spectrum such as running. However
we emphasize that we do not claim to know what the resolu-
tion is.

Figure 14 shows the BICEP2 results compared to previous
upper limits. The long search for tensor B-modes is appar-
ently over, and a new era of B-mode cosmology has begun.

BICEP2 was supported by the US National Science
Foundation under grants ANT-0742818 and ANT-1044978
(Caltech/Harvard) and ANT-0742592 and ANT-1110087
(Chicago/Minnesota). The development of antenna-coupled
detector technology was supported by the JPL Research and
Technology Development Fund and grants 06-ARPA206-
0040 and 10-SAT10-0017 from the NASA APRA and SAT
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Inflation: Running of scalar spectral index

 

● Running of scalar spectral index 
provides additional info on inflation 
(e.g. potential).

● Expected to be small in (simple) 
single field slow-roll inflation (~10-3).

● Planck detects a negative 

mild deviation at ~1.5s
● Negative running 

corresponds to increasingly 
less power at small scales 

● Improvement coming from 
better fitting  low-l 
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Planck+WP, ⇤CDM+r+yhe Planck+WP+r = 0.16± 0.06, ⇤CDM+r+yhe

LCDM+r+Helium	
  

Yhe=0.030±0.026	
  
r0.002<0.21	
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Planck+WP, ⇤CDM+r+nnu Planck+WP+r = 0.16± 0.06, ⇤CDM+r+nnu
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Neff=3.79±0.46	
  
r0.002<0.28	
  (95%)	
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