
•  Use kinetic theory which is applicable to large and small clusters (<~100 atoms) 
•  Use free energies of stable isomers rather than surface tension from capillary 

approximation 
•  Use shape factors of stable isomers found by DFT techniques 

•  DFT can also calculate optical properties of dust grains allowing computation of 
temperature fluctuations of the grains 

•  Corrections to the detachment rate of atoms from  
    small grains based on quantum probabilities of 
    phonon accumulation to break a bond 
•  Include the influence of other dust species 
•  Include photodissociation of CO molecules 
    and injection of additional carbon atom into 
    available nucleation material 
•  Account for grain charging and ionization  
    effects on nucleation rates 
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Classical nucleation theory assumes that dust grains share 
the same microphysical properties regardless of their size. 
These assumptions include the sticking coefficient, shape, and 
temperature of the grain. Usually, predictions of dust formation 
consider grains to be completely “sticky" (a sticking coefficient 
of unity) and to be spherical in shape – conditions which result 
in maximally efficient nucleation. We discuss the effects of 
varying these microphysical properties on the nucleation rates, 
condensation times, and size and mass distributions of 
carbonaceous grains formed by a type II supernova explosion. 
Variations of the sticking coefficient and grain shape lead to 
delayed condensation times and can result in marked 
differences in the size and mass distributions, which, in turn, 
can strongly influence the shape of the expected extinction 
curves. These results, along with the known limitations of the 
classical nucleation theory, suggest that a more thorough 
understanding of the physical properties of small grains and a 
more complete theory of nucleation are necessary.  

Classical nucleation theory is a thermodynamic theory and 
may not be applicable in the formation of very small grains. 
Kinetic nucleation theory may be a better, though more 
complicated, choice because it is better equipped to deal with 
grains of all sizes (from grains of fewer than ~100 monomers 
up to macroscopic sizes) and changes in shape for different 
sized grains. Moreover, kinetic theory is much better equipped 
to deal with temperature fluctuations of grains due to 
interactions with grain monomers and carrier gas atoms. The 
temperature, or equivalently the energy, of the grain has a 
large influence on the detachment rate of monomers from the 
grain. 

•  At early times, reduced sticking coefficient makes grain formation more difficult and  
    suppresses the nucleation rate 

•  Reducing γ 
•  increases the maximum nucleation rate 
•  delays time of maximum nucleation to higher supersaturation times  
•  makes grain growth difficult resulting in larger numbers of smaller grains 

•  Increasing c 
•  reduces maximum nucleation rate 
•  delays time of maximum nucleation  
•  allows larger grains to form 

•  Even though large grains can form, dust 
     dust masses are dominated by smaller 
     grain sizes (between 0.01 and 0.5 µm) 
•  Total mass of carbon grains formed remains 
     relatively robust (within a factor 1.5) 

•  Changes in choice of shape factor and  
     sticking coefficient are unlikely to explain 
     discrepancies between theoretical and  
     observational dust yields 

•  Extinction curves are strongly affected  
    by choice of shape factor and 
    sticking coefficient 

•  Simulations with large c and γ  
    produce gray extinction curves 

•  Without knowledge of shape factors 
    and sticking coefficients, predicting 
    extinction curves of SN-condensed 
    dust is impossible 

Extinction curves 

•  Possible sources of interstellar dust include outflows from 
asymptotic giant branch stars, Wolf-Rayet systems, 
quasars, and supernovae (SNe) 

•  The amount of dust attributed to each possible source 
remains unclear 

•  Theoretical predictions of SNe dust yields are as much as 3 
to 4 orders of magnitude larger than observations 

•  In order to better understand dust formation in the various 
sources a better theory is required 
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Improving the Theory 

•  Dust grains do not necessarily form as spheres, nor are they completely sticky 
•  We vary the grain shape using the shape factor c 

where Σ is the grain surface area and V is the grain volume 
•  We chose 6 shape factors: c = (36π)(1/3), 5.4, 6.0, 7.0, 9.0, 12.0 
•  We chose 4 values for the sticking coefficient: γ = 1.0, 0.1, 0.01, 0.001 
•  We examine the formation of carbon grains from a 20 M core-collapse SN with Z = 0 (see Umeda & 

Nomoto (2002)) 
•  We consider the formation of CO molecules to be complete and ignore any dissociation of the 

molecules, so that carbon grains form only in those regions where the number fraction C/O > 1 
•  We divide the expanding gases into a series of enclosed mass shells from ~4.93 M to ~6.21 M – 

where the carbon number fraction is highest, ranging from 2 × 10-1 to 8 × 10-9  

•  Grains form through nucleation as the expanding SN gas shell cools and becomes supersaturated 
•  The rate of nucleation can be found through: 

•  Once grains have nucleated, they grow through the attachment of  
    atoms onto the grains 
•  The growth of the grains can be found by: 

•  The monomer material available become depleted by the nucleation 
    and growth processes 
•  We find the amount of depletion by: 

•  Each time step we calculate the nucleation rate, grain growth, and depletion of monomers 
•  We repeat the process until the monomer concentration is substantially depleted 
•  We vary c and γ to investigate less efficient grain formation and growth 
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Figure 1: The three as-
trophysically relevant al-
lotropes of carbon. From
left to right: diamond,
graphite, and amorphous
carbon.

equilibrium, while in astrophysical conditions the time to build an equilibrium distribution is not
available (Donn & Nuth 1985). In addition, the classical theory assumes thermal equilibrium
between the clusters and gas while it is well known that in galaxies the dust component is typically
at much lower temperature than the gas in which it is embedded. The deviation from local thermal
equilibrium can affect sensibly the nucleation rate and the conditions for nucleation (Lazzati 2008).
Even stronger deviations can be brought about by the temperature fluctuations of the clusters
and grains (Keith & Lazzati 2011). Finally, the classical theory relies on the so-called capillary
approximation, i.e., the fact that the binding of the solid compound does not depend on the size
of the grain, an approximation that fails dramatically for clusters smaller than a few hundred
monomers (see, e.g., Figure 2).

Figure 2: Comparison between the
binding energy per atom of small car-
bon clusters. The solid line shows the
prediction of the capillary approxima-
tion, while solid points show the result
of numerical modeling of carbon clus-
ters from Kosimov et al. (2010).

The uncertainties on the nucleation rate of astrophys-
ically relevant compounds affect very strongly our capa-
bility to predict the amount and species of dust produced
in the Universe. A critical example is the disparity be-
tween the amount of dust observed in SNe and SN rem-
nants - typically a fraction of a per cent of a solar mass
(Elmhamdi et al. 2003; Hines et al. 2004; Pozzo et al.
2004; Sugerman et al. 2006; Ercolano et al. 2007; Meikle
et al. 2007, Rho et al. 2008, 2009; Kotak et al. 2009,
Sandstrom et al. 2009; Barlow et al. 2010) - and the
amount of dust predicted theoretically - of the order of
one solar mass (Kozasa et al. 1989, 1991; Clayton et al.
2001; Todini & Ferrara 2001, Nozawa et al. 2003, 2008,
2010). Analogously to the more direct observations of wa-
ter nucleation (Wölk & Strey 2001, Manka et al. 2010)
the SN dust riddle seem to underline a fundamental flaw
in the way in which we compute the rates of dust nucle-
ation in astrophysical settings.

Another important missing piece of information is the knowledge of the isomer path along
which nucleation proceeds and of what is the final allotropic form that is preferred. For example,
C12, a cluster of 12 carbon atoms, can take up to 9 shapes, from a linear or circular chain to a
much more boxy appearance (e.g., Jones 1999a). What is the preferred shape of the C12 cluster
in astrophysics is unknown, but it is fundamental information to properly compute the nucleation
rate. In addition, we do not really know what allotropic form is the most common. Carbon has
at least three allotropes of astrophysical interest: diamond (Lewis et al. 1987; Anders & Zinner
1993), graphite (Hoyle & Wickramasinghe 1962; Anders & Zinner 1993; Draine & Li 2007), and
amorphous carbon (Borghesi et al. 1987; Witt & Schild 1988; Furton et al. 1999). The same issue
arises with silicates that can be in either crystalline or amorphous form, with iron (3 allotropes);
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Table 2. Graphite properties used in this paper.

Property Notes

σ = 1500 erg cm−2 Surface energy (Tabak et al. 1975)
ρ = 2.23 g cm−3 Density of graphite
mC = 1.9944−23 g Mass of one carbon atom
Equation (3.3) of Guhathakurta & Draine (1989) Heat capacity
TDebye = 420 K Debye temperature (Guhathakurta & Draine 1989)

nX,eq = 6.9×1013 e−844 282/Tgrain

kTgrain
cm−3 Equilibrium gas density

EBind,blk = 1.183 1760−11 erg Bulk binding energy of graphite

Figure 1. Temperature and size evolution of a grain initially composed
of 1000 carbon atom immersed in a hydrogen–carbon gas with H/C =
100, Tgas = 3500 K and with saturation S = 4.

Figure 2. Same as Fig. 1 but for an initially smaller grain made by 10
carbon atoms.

a statistical concept instead of an exact concept. In the classical ap-
proach, when the Gibbs free energy is maximized, the grain is
supposed to be in an unstable but exact equilibrium, able to remain
at the stable size forever. Any cluster smaller than the critical size is
doomed to evaporate and any grain bigger than the critical size will
eventually grow. In our approach, two grains of the same size can
be in different stability conditions (one stable and the other unsta-
ble) if they are at different temperatures. Moreover, a grain that is

stable can become an unstable cluster without changing its size by
absorbing a photon that raises its temperature and vice versa. A
critical size that depends only on the gas temperature and saturation
– reminiscent of the one of the classical theory – can be defined
as the size for which the probability of eventual evaporation is the
same as the probability of eventual growth into a stable grain.

Here we discuss stability by finding the saturation at which a
certain cluster becomes stable, according to the above definition.
Unfortunately the photon absorption interactions become so nu-
merous at low temperatures (Tgas < 2500 K) that running the code
until a statistically sound number of C-atom attachments or detach-
ments is observed becomes practically unfeasible. For that reason,
in the following we concentrate on the high-temperature nucleation.

Classically, the saturation at which a cluster with size i is stable,
or critical, is given by

S = e(32π/3)1/3(mX/ρX )2/3(σ/kTgrain)i−1/3
. (23)

Since Tgrain is not constant in our approach, we determine the sta-
bility saturation for a given cluster at a specific gas temperature
by proceeding iteratively as follows. We start from a fairly large
saturation (e.g. S = 10) and perform a minimum of 10 simulations
in which the grain may evolve at that saturation. Each simulation is
halted when the initial cluster has changed its size by at least 10 per
cent.2 If all or most of the simulations resulted in grain growth, the
estimated saturation was too large, and if all or most of the simula-
tions resulted in grain evaporation, the estimated saturation was too
small. We adjust our estimate of the critical cluster size and repeat
the process, narrowing in on the saturation for which half of the
clusters grow and half evaporate. In this way we can obtain a new
stability curve, i.e. the location in the Tgas–S plane where a grain
of a given size has the same probability of growing or evaporating.
This is analogous to the critical cluster size in the classical nucle-
ation theory. Thus, if the gas saturation is greater than the stable
saturation the grain is more likely to grow.

The stability plot for clusters with i = 1000 is shown in Fig. 3.
For all gas temperatures, the new stability curve is lower than in
the standard theory, generally allowing lower saturations in which
clusters can grow. This is a result of three competing effects. At high
temperatures (Tgas > 3000 K), the strongest effect is the Einstein
model correction that makes the clusters much more resilient to
evaporation. At lower temperatures, the grains are made more stable
(even more than the Einstein correction prediction) by the fact
that their temperature is lower than the gas temperature (Lazzati
2008). Both these stabilizing effects are balanced by the effect of
temperature fluctuations that tend to make clusters unstable. The

2 For large clusters (i ≥ 100), this is more than enough to determine the final
fate of the cluster. However, for small grains we halt the simulations after a
70 per cent change of the cluster initial size.
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