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SCALAR-TENSOR THEORIES

MOTIVATIONS

TESTS OF EINSTEIN’S GENERAL RELATIVITY USING GRAVITATIONAL WAVES

> We need precise gravitational waveforms for alternative
theories of gravity,

WHY SCALAR-TENSOR THEORIES ?
> It passes weak-field tests, i.e. in the Solar System,
> It predicts large deviation from GR in the strong-field regime,

> Hawking theorem (1976) : Binary BHs gravitational radiation indistinguishable from
GR,

> Deviations from GR are expected for neutron stars.
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SCALAR-TENSOR THEORIES

SCALAR-TENSOR THEORIES

THE ACTION

3
SST - 168% /d4x\/jg |:¢)R - %gaﬁaaaﬁ(b + Sm (m7 gaB)

Scalar field ¢ and scalar function w(¢),

Matter fields m,

Physical metric gog : Scalar field only coupled to the gravitational sector,

Conformal metric o : Scalar field only coupled to the matter sector.
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SCALAR-TENSOR THEORIES

THE ACTION

3
SST - 168% /d4x\/jg |:¢)R - %gaﬁaﬁmﬁ + Sm (m7 gaB)

Scalar field ¢ and scalar function w(¢),

Matter fields m,

Physical metric gog : Scalar field only coupled to the gravitational sector,

Conformal metric o : Scalar field only coupled to the matter sector.

THE MATTER PART

o Self-gravitating bodies : the masses depend on the scalar field M4 (¢)
(Eardley, 1975),
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SCALAR-TENSOR THEORIES

FAR FROM THE SYSTEM

> Scalar field ¢ = ¢o, scalar function w(¢o) = wo,

THE SET OF ST PARAMETERS

dln M4 (¢)

@ Sensitivities : s4 = s

, and all higher order derivatives,
0

o Derivatives of the scalar function w(¢), i.e. g—z ,
0

-G = G(442wo) _ 24wg—s1—s2+2s152
’ ¢0(34+2wo) 2+wo

o ST parameters
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SCALAR-TENSOR THEORIES

SCALAR-TENSOR THEORIES

FAR FROM THE SYSTEM

> Scalar field ¢ = ¢o, scalar function w(¢o) = wo,

THE SET OF ST PARAMETERS

o Sensitivities : 54 = H2H4(0} and all higher order derivatives,
0
o Derivatives of the scalar function w(¢), i.e. g—z ,
0
. G@+2wo) _ 24wg—s1—82+2s12
o ST parameters : G = FoBTzeny X = o
NEWTONIAN RESULT
i Gams
Ay, N = ——3 N2
T2

> Indistinguishable from GR, effective gravitational constant Geg = Ga.
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SCALAR-TENSOR THEORIES

WHAT HAS BEEN DONE SO FAR

SCALAR TENSOR WAVEFORMS
e Equations of motion at 2.5PN,

@ Tensor gravitational waveform to 2PN,
@ Scalar waveform to 1.5PN (starts at —0.5PN),

@ Energy flux to 1PN beyond the leading order (starts at —1PN),
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WHAT HAS BEEN DONE SO FAR

SCALAR TENSOR WAVEFORMS
e Equations of motion at 2.5PN,

@ Tensor gravitational waveform to 2PN,
@ Scalar waveform to 1.5PN (starts at —0.5PN),

@ Energy flux to 1PN beyond the leading order (starts at —1PN),

SOME REMARKS
> Done using the DIRE method (Pati & Will, 2000),

> To go to 2PN in the flux we need the EoM at 3PN .
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SCALAR-TENSOR THEORIES

THIS TALK

OUR GOAL
Compute the equations of motion at 3PN order.

THE METHOD

We will use the multipolar post-Newtonian formalism, in particular the method based on
a Fokker Lagrangian that was developped for the 4PN EoM in GR.
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3PN ST FOKKER LAGRANGIAN

THE MULTIPOLAR POST-NEWTONIAN FORMALISM

o In the near zone : post-Newtonian expansion

oo

T v 1 7 . 7 v
R =3 C—mhi‘n‘ﬂ with  ORY = 167G 74,
m=2
S =1 . - s
b= Zwm,  with Oy = —87G 7o)
m=2
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THE MULTIPOLAR POST-NEWTONIAN FORMALISM

o In the near zone : post-Newtonian expansion

oo

T v 1 7 . 7 v
R =3 C—mhi‘n‘ﬂ with  ORY = 167G 74,
m=2
S =1 . - s
b= Zwm,  with Oy = —87G 7
m=2

o In the wave zone : multipolar expansion

aB niaf . af __ papB .
Mm)¥F =>"G hen s with  ORY = A7 [hay, .o b1y 9]
n=1

M(/l/}) = Z Gn’l/}(n) 5 with Dw(n) = A'E:> [w(l): R /l/}(nfl); h] )

n=1
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3PN ST FOKKER LAGRANGIAN

THE MULTIPOLAR POST-NEWTONIAN FORMALISM

o In the near zone : post-Newtonian expansion

oo

T v 1 7 . 7 v
A = E C—mhfny7 with Okl = 167G 757,
m=2
T . - .
$= -, with O, =-81G7
C”I
m=2

o In the wave zone : multipolar expansion

aB niaf . af __ papB .
Mm)¥F =>"G hen s with  ORY = A7 [hay, .o b1y 9]
n=1

M(qr[}) = Z Gn’(/}(n) ) with Dl)(n) = Afr:> [w(l% HERR 1/)(7171); h] ’

n=1

o Buffer zone : matching between the near zone and far zone solutions :

M(h) =M (h) everywhere,

M) M () everywhere.
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3PN ST FOKKER LAGRANGIAN

WHAT 1S A FOKKER LAGRANGIAN 7

FOKKER (1929)

> Replace the gravitational degrees of freedom by their solution

SFokker [y/th?' . ] = S[gSOI (yBaUB’ . ')7¢501 (yB7UB7’

> Generalized Lagrangian : dependent on the accelerations,

> Equations of motion for the particles are unchanged.

L) val
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WHAT 1S A FOKKER LAGRANGIAN 7

FOKKER (1929)

> Replace the gravitational degrees of freedom by their solution

Skokker [Ya, VA, ...] = S [gsol (YB, VB, --.), dsol (YB,VB,...); VA]

> Generalized Lagrangian : dependent on the accelerations,

> Equations of motion for the particles are unchanged.

WHY A FOKKER LAGRANGIAN ?

@ Simpler calculation, only for the conservative part,

@ The “n+ 2" method : we need to know the metric at only half the order we would
have expected, O(n + 2) instead of O(2n + 2,2n + 1, 2n; 2n + 2).
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3PN ST FOKKER LAGRANGIAN

SCALAR-TENSOR THEORIES

THE GRAVITATIONAL PART

o Rescaled scalar field : p = %,

e From the conformal metric §.. = pg,. to the gothic metric §*¥ = /gg"",

3 1 ~ ~ 1~ ~ ~ ~ v ~po
Sst = 390G d*z |: 5 (GMUGW - §gwgpa> 9)\78/\9“ 948"

B 5 —ov - o 34+ 2w .,
+ G (0,870,877 — 0,870,8°") — o7 9 ﬁaa@aﬁ(vp]

THE MATTER PART

Sm = = Z/dt Ma() ¢ [ —gap 254
A

> depends on the scalar field through the masses and the physical metric gqs.
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3PN ST FOKKER LAGRANGIAN

POST-NEWTONIAN FORMALISM FROM GR TO SCALAR-TENSOR
THEORIES

o Perturbed metric h*” = gh” — n*¥ and scalar field ¢ = ¢ — 1,
o At leading order (h,v) = (hOO“ =R 4 B RO R ) = 0(2,3,4; 2)
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3PN ST FOKKER LAGRANGIAN

POST-NEWTONIAN FORMALISM FROM GR TO SCALAR-TENSOR
THEORIES

o Perturbed metric h*” = gh” — n*¥ and scalar field ¢ = ¢ — 1,
o At leading order (h,v) = (hOO“ =R 4 B RO R ) = 0(2,3,4; 2)

THE "n + 2”7 METHOD IN ST : O (4,5,4; 4)
p00ii _ ﬂ _ 8V2 ( )
C

poi — AV —E(R +VVY) o( )

c3

- 4 1
h' = -4 (Wij - §5ijW) (73)

W) | 2 bowp ) 2 ( 1 )
=- = (1- Ol=%
v @ T ( 3+ 2wo Yoy * )’
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3PN ST FOKKER LAGRANGIAN

POST-NEWTONIAN FORMALISM FROM GR TO SCALAR-TENSOR
THEORIES

o Perturbed metric h*” = gh” — n*¥ and scalar field ¢ = ¢ — 1,
o At leading order (h,v) = (hOO“ =R 4 B RO R ) = 0(2,3,4; 2)

THE "n + 2”7 METHOD IN ST : O (4,5,4; 4)
p00ii _ ﬂ _ 8V2 ( )
C

poi — AV —E(R +VVY) o( )

c3

- 4 1
h' = -4 (Wij - §5ijW) (73)

gy 2 Powy ) 2 ( L )
=——+—(1- o
v @ T ( 3+ 2wo Yoy * )’

> We need V, V' and 9oy at 1PN and R, W;; at N,
4G

AW = 7% (0ij — Oijokk) — KV OV — (3+ 2w0)8iw(0> (93'1[1(0)

LAURA BERNARD DYNAMICS OF COMPACT BINARIES IN ST THEORIES AT 3PN



3PN ST FOKKER LAGRANGIAN

How DOES IT WORK IN PRACTICE...

@ Compute the (local) Fokker Lagrangian using Hadamard-type regularisation for
both :

o the divergences at the position of the particles (ultraviolet),
o the divergences of the PN solution at infinity (infrared),

B
L= FPB:()/dSJZ (L> Z
To
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How DOES IT WORK IN PRACTICE...

@ Compute the (local) Fokker Lagrangian using Hadamard-type regularisation for
both :

o the divergences at the position of the particles (ultraviolet),
o the divergences of the PN solution at infinity (infrared),

B
L= FPB:()/dSJZ (L> Z
To

@ Treat the UV (and eventually the IR) divergences by dimensional regularisation,

L:/ddasz
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3PN ST FOKKER LAGRANGIAN

How DOES IT WORK IN PRACTICE...

@ Compute the (local) Fokker Lagrangian using Hadamard-type regularisation for
both :

o the divergences at the position of the particles (ultraviolet),
o the divergences of the PN solution at infinity (infrared),

B
L= FPB:()/dSJZ (L> Z
To

@ Treat the UV (and eventually the IR) divergences by dimensional regularisation,
L= / d“zL

@ Add the tail term, if present (in GR it starts at 4PN).
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3PN ST FOKKER LAGRANGIAN

1- CoMPUTE THE 3PN ST LAGRANGIAN USING HADAMARD
REGULARISATION

UV DIVERGENCES
o Compact bodies —» modelised by point particles, i.e. 5 (x—ya(t))

o Two constants of regularisation /; and 2
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3PN ST FOKKER LAGRANGIAN

1- CoMPUTE THE 3PN ST LAGRANGIAN USING HADAMARD
REGULARISATION

UV DIVERGENCES
o Compact bodies —» modelised by point particles, i.e. 5 (x—ya(t))

o Two constants of regularisation /; and 2

IR DIVERGENCE

@ post-Newtonian solution valid only in the near zone = divergences at infinty,

B
L:FPBzo/d3$ (L> Z
To

@ in GR at 3PN no contribution,
@ in ST contributions at 3PN !

o constant of regularisation 7o : does not vanish through a shift,
o vanishes in the GR limit (wp — 0) and when s; = s3 of S1or2 = % (BHs).

LAURA BERNARD DYNAMICS OF COMPACT BINARIES IN ST THEORIES AT 3PN



3PN ST FOKKER LAGRANGIAN

2- USE DIMENSIONAL REGULARISATION TO TREAT THE UV
DIVERGENCES

PRINCIPLE

o Go to d spatial dimensions, with d = 3 + ¢.
> G — GlE3,

> Expand all functions when r; — 0.

e Compute the difference between HR and DR through the formula

€ q+1

9=90

DI = 1 Zl [L —|—Elnl1] <f(,€3?’q> + (1 A 2)

o Expand the Lagrangian in the limit ¢ — 0.

LAURA BERNARD DYNAMICS OF COMPACT BINARIES IN ST THEORIES AT 3PN



3PN ST FOKKER LAGRANGIAN

2- USE DIMENSIONAL REGULARISATION TO TREAT THE UV
DIVERGENCES

PRINCIPLE

o Go to d spatial dimensions, with d = 3 + ¢.
> G — GlE3,

> Expand all functions when r; — 0.

e Compute the difference between HR and DR through the formula

€ q+1

9=90

DI = 1 Zl [L +Elnl1] <f£€3?’q> + (1 AN 2)

o Expand the Lagrangian in the limit ¢ — 0.

RESuLT

@ No more constant /1 and I3 : ok,

o Presence of a pole % : should vanish through a redefinition of the trajectory of the

particles.

LAURA BERNARD DYNAMICS OF COMPACT BINARIES IN ST THEORIES AT 3PN



3PN ST FOKKER LAGRANGIAN

3- TAIL EFFECTS AND IR DIVERGENCES

A SCALAR TAIL EFFECT 7

o Constant rg still present in the end result of the local part = Presence of tail
terms in the conservative Lagrangian at 3PN, originating from the scalar field ?

o New effect in ST theories, due to the fact that the scalar field flux starts at —1PN,

o At the end the constant r should disappear.
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3- TAIL EFFECTS AND IR DIVERGENCES

A SCALAR TAIL EFFECT 7

o Constant rg still present in the end result of the local part = Presence of tail
terms in the conservative Lagrangian at 3PN, originating from the scalar field ?

o New effect in ST theories, due to the fact that the scalar field flux starts at —1PN,

o At the end the constant r should disappear.

TEST OF THE IR DIVERGENCES

@ Use dimensional regularisation also for the IR divergences to test how strong the
regularisation procedure is :

o If no difference with Hadamard : OK,

o If different results : switch to the more powerful DimReg (for the tails also).

e Constant 79 — pole 1/e.
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FIRST RESULTS

WHAT HAS BEEN DONE

EQUATIONS OF MOTION AT 2PN

o Easy and "quick” calculation : O(4, 3,4; 4), only Hadamard regularisation,

e Confirmation of the previous result by Mirshekari & Will (2013).
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FIRST RESULTS

WHAT HAS BEEN DONE

EQUATIONS OF MOTION AT 2PN

o Easy and "quick” calculation : O(4, 3,4; 4), only Hadamard regularisation,

e Confirmation of the previous result by Mirshekari & Will (2013).

At 3PN

o Fokker Lagrangian using Hadamard regularisation,

@ Some consistency checks :

o GR limit : wg — co = GR result,
o Two black hole limit : s1 = s5 = % — indistinguishable from GR.
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FIRST RESULTS

WHERE WE ARE

ON-GOING CALCULATIONS

e From Hadamard to dimensional regularisation : very long calculation,

o Eventual tail effects at 3PN coming from the scalar field.
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FIRST RESULTS

WHERE WE ARE

ON-GOING CALCULATIONS

e From Hadamard to dimensional regularisation : very long calculation,

o Eventual tail effects at 3PN coming from the scalar field.

WHAT’S NEXT 7

> Conserved quantities (energy, angular momentum .. .),

> Ready to use eom to be incorporated in the scalar waveform and the scalar flux at
2PN.
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CONCLUSION

CONCLUSION

EQUATIONS OF MOTION AT 3PN IN SCALAR-TENSOR THEORIES

o First part computed using Hadamard regularisation ,
o Dimentional regularisation and investigation of the tail effect : work in progress,

o Conserved quantities : to be done.

PROSPECTS

o Waveform for ST theories at 2PN (inspiral phase),
e Can be EOB waveform to have the full IMR waveform,

@ Do the same for other modified theories of gravity.

LAURA BERNARD DYNAMICS OF COMPACT BINARIES IN ST THEORIES AT 3PN



	Scalar-tensor theories
	The 3PN scalar-tensor Fokker Lagrangian
	First results

