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Current problems with wave extraction in NR

@ Extraction (in most cases) takes place at finite radius rather than null
infinity
@ Gauge ambiguity in the determination of the correct tetrad to project
the Weyl tensor components.
@ Numerical integration of the Weyl scalar W, to obtain the strain
Systematic errors coming from wave extraction are starting to become the

dominant source of errors. The need of a mathematically rigorous wave
extraction technique is becoming an urgent topic in numerical relativity.
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Wave extraction with the Newman-Penrose formalism

The Newman-Penrose formalism is used in numerical relativity to obtain
gauge invariant information about gravitational waves.

R2hTT R2hIT
V, = + 4+ X
ot? ot?
The Kinnersley tetrad guarantees that W, = 0 for Kerr.

@ The chosen tetrad must converge to the Kinnersley tetrad in the
background limit.

o Calculating W4 using tetrads evaluated numerically normally brings
unwanted gauge effects into the final waveform.

@ Our objective is to eliminate the numerical evaluation of the tetrad
(no more Gram-Schmidt!).
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Relevant tetrads in the NP formalism for a
general (Petrov type |) space-time

1) Symmetric transverse tetrad (STT)
Vi =V3=0 Vo =V,

2) Quasi-Kinnersley tetrad (QKT)
Vi =W3=0 e=0

o QKT is the “right tetrad”, it guarantees the convergence the
Kinnersley tetrad in the Petrov type D limit.

@ STT in a convenient tetrad because of its symmetric properties, but
not good for numerical applications.

@ STT and QKT are related by a spin/boost (type Ill) tetrad
transformation (complex parameter B).
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]
The transformation STT — QKT

The spin coefficient € is fundamental
1
QKT — 8] (eSTT - favalnB)

QKT

Imposing € = 0 gives the condition for the spin-boost parameter B

?V,InB=2TT

The derivative of B along the other null vectors can be obtained from the
spin coefficients =, a and S.

In order to calculate B we need to know 77, VSTT, aSTT, BSTT.
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Different approaches to Einstein's equations in vacuum

Coord. approach Newman-Penrose NP in STT
g;w E:U'7 n'u7 muu rﬁ“ ZMV? ZZ[M Z;y
rabc pa/’L77—77T70-7)\7V7 K, 6,’7,5,@ AM,B}“ CM
Cabed Vo, Wy, Vo, W3, Wy Vo, Wy

@ In STT the only remaining degrees of freedom are W5 and W,

1

/2
wT = ——— (6+07Y),
2 2\/5( )
STT _ Iz _ o1
it o= 5 (©@-0671),

@ | is one of the two curvature invariants and © = f(/, J).
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|
Numerical implementation

The calculation of curvature invariants in numerical codes is very simple

Wap = Eap + iBap = — O Rap + Ko Kep — KKap — €2 De Ko,
and then [ and J are simply given by

1
= SWa W,

1
J = EWaCWCbW"’b,

while © is given by (© — 1 for Kerr)

1

o- % [JJr\/mr
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N
The Bianchi identities

The Bianchi identities (V,C*?pq = 0) written as functions of the
variables introduced within our approach give

iK 1 K
Aa == —%Ba—gvaln/— gvaln@
i(K+3K™1) 1 3Kt - K
G = —*B —V,iInl —— | V,;In0.
2\/§ a2+ 6 n ‘|‘< 6 ) n
where
B ©-01
- 0+061t

It turns out that the Bianchi identities can be used as simple relations to
derive the two vectors A, and C, once B, is known. But what about the
third vector? Can we find a third potential?
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-
A quadratic function of the Weyl tensor

We introduce following function of the self-dual Weyl tensor

abed = ViV Ched-
Using the Bianchi identities it is possible to show that D}, _, is given by
3
2

where I pcq is the identity tensor: lpcq = % (8ac8bd — 8ad&bc + [€abed)-

Diped =161 laped — = Ciper C* ca

The tensor D}, , has the same symmetries of the self-dual Weyl tensor,
included its trace-free property.
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On the divergence of D7, ,

Analogously to V,C*,cq = 0, the divergence of D}, , must satisfy

abc

VaD*ped = Sa Cped + Ta D™ pea-
T2 and S, are tetrad invariant vectors given by
=2

T, =V.In [/% (€% +0673):

Sa = F(Val,V,0) + DP9V . D*e ey,

|- Aeres

S..

These two vectors naturally introduce a third tetrad invariant quantity that
cannot be expressed as a function of / and J. Gradient of a third scalar?
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|
Solution for A,, B, and C,

Considering the Bianchi identities and the divergence of D}, _

Ea [ K 1
A, = 1;‘ [5 +V,In (5A>]—6va|n/,

IEB ~ K
B, = S, + V.l
’ 4\/§[ n(gBﬂ
Ec

- K
Ca = 6 |:5 —l—V In <gc>:| —I—gvaln/.

where €4 = (© — @*1)2, Eg=0%2-02and Ec =02 +02+1.

e3-073
(©3+073)
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-
The Petrov type D limit

In the limit of Petrov type D the three vectors tend to

1
A, = =ViInl,
6 Py Hs Ty
Ba = 07
) A, O,V K
1 /172
Ca = —fVaInI— Sa. 677a5>a
6 6v3

@ These values are consistent with the known expressions for the spin
coefficients in Kerr.

@ The value of C; calculated in the Kerr space-time confirms that
S, = V,®! (at least in this limit)

@ Knowing C, in STT and in QKT allows to calculate the spin/boost
parameter B between STT and QKT.
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Final expressions

Knowing the spin-boost parameter B between STT and QKT we find that
the values of W5 and W, in QKT are given by

1
/2
wKT = ©+071,
2 2\/§( )

1

21>
v = % (e-071).

Moreover: the spin coefficient o in QKT vanishes in the Kerr limit and is
naturally related to

okt _ OhTT N [ohT
ot ot

o
No need for numerical integration!
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N
The Ricci identities

It is known that the Ricci identities in STT simplify to

1
213 )
VAT = AA—B,B" — 7 (@+0671)
V.B® = —2B,C7+2iV_
1
413
V.CP = AA - B,B*+2A,C°— 2~ (0+07)

V3
Our result of obtaining A,, B, and C; as functions of V,/, V,0 and
maybe V,® would then lead to equations of the type

V.Vl =
V,Vio =
V.,Vie =

A set of three non-linear wave-like equations for /, © and .
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Conclusions

@ Transverse tetrads (W3 = W3 = 0) are an elegant form of fixing the
gauge in the Newman-Penrose formalism for wave extraction.

@ Using STT as a starting point, we only need to calculate the
spin-boost parameter B to obtain the scalars in QKT.

@ Bianchi identities and the divergence of D}, _, allow to find the
expression for the spin coefficients in STT, and consequently B.

@ Work in progress to determine whether the additional degree of

freedom (S,) can in general be expressed as gradient of a third
potential (it can in the Petrov type D limit).

@ This procedure allows to study alternative quantities to Wy, like o,
related to the first time derivative of the strain.
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