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Outline

1. Introduction on triple systems & motivation

2. GW lensing, wave optics the usual way, guantum mechanical

analogy

3. Our contribution : GW lensing considering the tensorial

structure

4. Application to LISA-band triple systems
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Hierarchical triple systems
GW190521 ?

Observational fact: 5 years ago ...
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R. Abbott et a/. (LIGO Scientific Collaboration and Vlrgo Collaboration),
GW190521: A Binary Black Hole Merger with a Total Mass of 150 M
Phys. Rev. Lett. 125, 101102, 2020 Martin Pijnenburg - arXiv:2404.07186



Hierarchical triple systems :
GW190521 ?

Multiple possible scenarii, inconclusive analysis looking at GW
signal alone
Abbott et a/. (LIGO Scientific Collaboration and Virgo Collaboration), 2020

One possibility: AGN disk migration traps Bellovary et al., 2016
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Hierarchical triple systems :
GW190521 ?

* 34 days later: AGN signal from the same location
e Suspect merger ocurred ~ 350 rs away from AGN : triple system

Considering both GW & EM signals, evidence for hierarchical
triple:

marginal Ashton et al. (2021), Palmese et al. (2021)
confident Graham et al. (2020), Morton et al. (2023)
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Hierarchical triple systems :
binary source & environment ‘k

GW signal expected to be impacted by 3rd body:
Shapiro time delay, lensing, etc.

* *
L .
8
......
lllllll
----------------

Martin Pijnenburg - arXiv:2404.07186



GW lensing: geometrical optics

Assume you have a notion of ray

source lens observer
plane plane plane

— Usual lensing picture
(deflection angle, etc.)
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GW lensing: geometrical optics

Conceptually similar to (my) undergraduate lab optics
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GW lensing: wave optics

But just as light, GW are ... waves !

Geometrical optics is just a high frequency approximation, which
breaks down when

Awave =, (lens size).

At the fundamental level, signal obeys a wave equation
— allows for diffraction, interference, ...
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GW lensing: wave optics

LISA has a best sensitivity around 103Hz.

At this frequency, low mass AGN with M ~ O(10°) M, fulfil the
wave optics requirement
2G M

2

Aow >

Equivalently: wM < 1 (natural units)
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GW lensing: wave optics

startwith: ds® = (g, + hy,)dztda”
E.g. gauge fixing : hz;y =0, A", =0

— Wave equation :

Puva™ + 2Raus, R*? =0, with  h,,.*°
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GW lensing: wave optics

Reference work for phenomenology :

Wave effects in gravitational lensing of gravitational waves from chirping binaries

Ryuichi Takahashi (Kyoto U.), Takashi Nakamura (Kyoto U.)
May, 2003

28 pages

Published in: Astrophys.J. 595 (2003) 1039-1051
e-Print: astro-ph/0305055 [astro-ph]

DOI: 10.1086/377430

View in: ADS Abstract Service

pdf [= cite [Fd reference search %) 253 citations
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Scalar wave optics

Usual process : scalar wave Ansatz huy — gb * €Ly
Assume known behaviour for €L (parallel transport)

Specify the lens background g/w (in our case : Schwarzschild)

Decompose ¢ in multipoles: ¢ = e ** Z e _uég\;)/r)lﬂ Py(cos(0))
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Scalar wave optics

Differential equation is

d? N 2+4]\4w2 ((0+1) 12M4w?
— tw

_I_
dr? r r2 r2
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Scalar wave optics

Differential equation is

2 4 M w? 1 12 M20?
{d——l—wz—l— ~ _€(€—|— )—|— w —I—O(TB)} Up =

dr? r r2 r2

Schrodinger in 1/r Coulomb potential (Rutherford) : ¥ = e Z %Pg
0
[ d? , 2wy L+ 1)

@—l—w =, uy =0 , ¥ o charges
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Scalar wave optics

. . . ) deep wave optics
Differential equation is

d? 4Mw? L+ 1 12 M7o?
{_+w2_|_ il s )—|— w —I—O(TS)}uE:

dr? r r2 r2

Schrodinger in 1/r Coulomb potential (Rutherford) : ¥ = e Z %Pg
0
[ d? , 2wy L+ 1)

@—l—w =, uy = 0 , 7Y X charges
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Insights from quantum mechanics

k —

QM problem has exact solution:

<
o | :
U oc e e [y [—ivy, 1;ikr(1 —cos(0))] 2020 | L
v U
Solution decouples for kr(1 — cos(8)) > 1 :
eiwt\Ij o~ eikz—l—i'yln kr(1—cos(6)) ;? eik'r—i'ylnk'r(l—cos(e))

kr(1 — cos(f))
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Insights from quantum mechanics

k —

QM problem has exact solution:

U o e e By [—ivy, 1;ikr(1 — cos(0))] 99999 | °

Solution decouples for kr(1 — cos(8)) > 1 :

iwt\Ij @ iy In kr(1—cos(0)) ;? @ iy In kr(1—cos(0))
: ’ kr(1 — cos(0))

Plane wave Spherical wave
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Insights from quantum mechanics

k —

QM problem has exact solution:

U o e e By [—ivy, 1;ikr(1 — cos(0))] 99999 | °

Solution decouples for kr(1 — cos(8)) > 1 :

eiwt\Ij o~ 6fzikz—l—i'ylmk'r(l—cos(e)) m—\ eik'r—i'ylnk'r(l—cos(e))
kr(1 — cos(A))

apparent divergence
as 6 —0
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Insights from quantum mechanics

k —

QM problem has exact solution:

U o e e By [—ivy, 1;ikr(1 — cos(0))] 99999 | °

Solution decouples for kr(1 — cos(8)) > 1 :

. . . 1 ;31 . . B
ezwt\Ij o~ ezkz iy In kr(1—cos(6) ezk'r 1y In kr(1—cos(0))

kr(1 — cos(f))

log phase corrections
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Insights from quantum mechanics

GR scalar wave, NR simulation QM, analytical solution

Incoming
scalar wave

Incoming QM
wavefunction

& Static point

electric charge

L Static BH

(Schwarzschild)
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Insights from quantum mechanics

GR scalar wave, NR simulation

Cloud of wave-
¢ like scalar DM

QM, analytical solution

Incoming QM
wavefunction

& Static point

electric charge

Static BH
(Schwarzschild)
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Insights from quantum mechanics

GR scalar wave, NR simulation

QM analytical solution

Adapted from Traykova et al., Phys.
Rev. D 104, 103014 (2021)

12.5

r5.0

r2.5
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Insights from quantum mecha

If one doesn’t know the exact solution :

nics

Possible to solve the differential equation in multipole space, by

e Taking kr>1 limit
* Requiring W ~ W00 + Yspherical

A~

y
— Correctly recover \Ijspherical - kr(l — COS(H)) ‘

Martin Pijnenburg - arXiv:2404.07186
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Tensorial wave optics
Start againwith: ds® = (Guv + hyp)datda”
... but avoid extra assumption h,w — ¢ ey

Rather treat hlw with tools of black hole perturbation theory
(BHPT),

to keep track of the full polarisation structure

Martin Pijnenburg - arXiv:2404.07186
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Tensorial wave optics : BHPT

Project hWon basis functions on the sphere with even ( Y ) and odd
(X)) parity :

hep = hET YO, (radial)
Im
hea =Y W™ X3P+ YR, A=06,9, (radial/angular)

m

hap =Y hs" X+ GY R + P K™ QapY™, A, B=9,9, (angular)

m

Martin Pijnenburg - arXiv:2404.07186 26



Tensorial wave optics : BHPT

From metric multipoles, define two gauge invariant master
functions:

27“ (9 A a D 2/\
\ijm _ h@m I _hém . _hfm
o (U —-1)(€+2) ((97“ oottt )

) i 2(1 — 2M/7)
1\Ij€m Kfm
T Feven SR T 0 2) +6M 7

. 5 .
1 — 9M m _Kﬁm
(1= 20y = r )

Martel, Poisson. Physical Review. D 71.10 (2005)
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Tensorial wave optics : BHPT

\Iffmobey Zerilli & Regge-Wheeler equations, e = even, odd
d°w,
dr?

Schrodinger-like, for given potentials V, (¢, r, M)

- (W? = V) O, = ith 7. (r) = — 2M | (L_1>
(w? — V&) 0, with r.(r) =7 ST

For the scattering problem :
Asymptotic solutions for wM < 1 are known, expect \pfm ~, \yPlane

o
sph
+ W,
Poisson, Sasaki. Physical Review D 51.10 (1995)
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Tensorial wave optics : BHPT

« Observables »

/VAssume initial\{\/\ Derive

jpSource , corresponding
nv
(absence of lens) W
Derive final Solve differential
. < equ. such that
[92%
\ijmN \Ijiource + \Ijl.ensed

\ (incl. lensing)/
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Tensorial wave optics :

Assume initial

source
ho

(absence of lens)

éZ / / [_: inspiral

.,

Y
.t
wn®®
ns®

BHPT

TT gauge, propagation along €, :

he hy O
hi;)urce _ hx —h_|_ 0
0 0 0/,

~

A1+ cos? 6,
F 2

hy cos[w(t — 7) — 261

Ain

T

hy = cos Oy, sin[w(t — 7) — 2]

(locally plane wave)
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Tensorial wave optics : BHPT

Assume initial Derive
hzzurce , corresponding

(absence of lens) W

Using scattering
phase shifts l
Derive final Solve differential
h < equ. such that
[92%

im source lensed
(incl. lensing) Wi W+ U,
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Tensorial wave optics : BHPT

ne |
rresponding
: [ U yIrSOUrce
Derive final Solve differential
. < equ. such that
[92%

im source lensed
(incl. lensing) Wi W+ U,
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Tensorial wave optics : BHPT

. . . . . . im
Technicality : in principle, should sum Tlgglo ; W,

In practice : Z Th_{go ‘I’fm ... diverges analytically & numerically
Im
Derive final Solve differential
. < equ. such that
Uy

im source lensed
(incl. lensing) Wi W+ U,
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Tensorial wave optics : results

Recovering familiar features:

source

TT gauge projection
of a quadrupole
(cf source)
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Tensorial wave optics : results

Recovering familiar features:

lensing features

Natural expected validity range : kr(1 — cos(6)) > 1

Martin Pijnenburg - arXiv:2404.07186 35



Tensorial wave optics : results

Recovering familiar features:

r dgr, 2 1 — cosé

source Ain 2M 1 ~L . ~L

o(r,t) = w(t — dsps — Ts) — 2gEL +® {2Mw (In (1 — cosf))— 1 — In 2)

A 2M 14 cos8 1 ) )
h, — h:j—ource_ - -+ COS (COS4 (TL) COS (gp = 2gb) + sin? (é) COS (QO = 2§b))

log phase corrections
Martin Pijnenburg - arXiv:2404.07186 36




Polarisation

Quantifying the signal polarisation content V € [—1,1] :

2Im[h, A
Y = — m| +~X] =V/I in terms of the Stokes parameters V, I .
‘h+‘2 + ‘hx ‘2
R 2 _ |/(=2))2
h(2)]2 4 h(—2)|2

constant in geometric optics and scalar wave optics

In general not constant tensorial wave optics

Martin Pijnenburg - arXiv:2404.07186 37



Polarisation

Quantifying the signal polarisation content V € [—1,1] :

k
Y = — . =V/I
[NEEaTE g
Wave optics lensing is polarisation dependent, e.g. :

do _ ,cos® () +sin® (5) 2 40
d_Q = M SlIl4 (Q) -2M \/1 IR n(:1dent OS (§> COS(4¢)

2
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Tensorial wave optics : interference

Full wave solution is a superposition of lensed and original wave
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Wave optics lensing in triple systems:
towards a phenomenology

[Llustration:

- For simple circular orbits
(disk migration traps) é; /) Linspiral

- Considering a time-varying
aligment (explicitly ignoring other
velocity dependent terms, e.g.

Doppler)

Martin Pijnenburg - arXiv:2404.07186
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Wave optics lensing in triple systems:
towards a phenomenology

* LISA-band system: w =27 f = 27 x 3 x 10 °Hz

* AGNlensmass: M =12 x 10°M,; = |wM =0.11

» Source-Lens distance (disk migration trap) : ds;, = 7T00M
* GW190521-inspired heavy source : m; = 120M, my = 71 Mg

LISA detectable with SNR > 100 if at z ~ 0.01

Martin Pijnenburg - arXiv:2404.07186



Wave optics lensing in triple systems:
towards a phenomenology

Toy GW190521-inspired source, in LISA- « optimal » wave optics

(not to scale)
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Wave optics lensing in triple systems:
towards a phenomenology

Toy GW190521-inspired source, in LISA- « optimal » wave optics

T Vincident oo Vscat Vtrans Vtot 6_ ‘_ h—l— B hx—:
1.0

0.5

A 0.0~

~0.5

-1.0
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Wave optics lensing in triple systems:

towards a phenomenology
Toy GW190521-inspired source, in LISA- « optlmal » wave optics

C¥/D'_"\
o
—
0
‘ =
<

||||||||||||||||||||||||||||||||||||

(not to scale)
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JAN

Wave optics lensing in triple systems:

towards a phenomenology

Toy GW190521-inspired source, in LISA- « optlmal » wave optics

— Vin cident ~ V at "o Vtrans Vtot - ‘— h_|_ S th_
Y| [ — — 5t :th::

: e ‘
0.5 &

L ™

: x Of
0.0-: <
05 ! -5} jW‘\;;
0Ty s 4 s e 7 0 3 4 5 6 7

t [days]
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Conclusions

* Wave optics is a regime in the range of future observations (LISA)
* Triple systems exhibit a rich dynamical lensing phenomenology

* |[n wave optics, GW lensing is a fully tensorial process:
* Results go beyond a simple scalar amplification factor

* The polarisation/helicity structure is not preserved by
lensing
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