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Mesurer les ondes gravitationnelles 
primordiales avec la polarisation du CMB

Effet de lentille gravitationnelle sur la  
polarisation

Enjeux

Un bruit

Une sonde de la distribution de matière

Comment mesurer l’effet de lentille

reconstruction

corrélation

Impact sur les paramètres cosmologiques



Le CMB 
alpha et 

omega de la 
cosmologie ?



Du rayonnement de fond 
aux paramètres...
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Fig. 12.— TheWMAP angular power spectrum. (top:) TheWMAP temperature (TT) results are consistent with the

ACBAR and CBI measurements, as shown. The TT angular power spectrum is now highly constrained. Our best fit

running index CDM model is shown. The grey band represents the cosmic variance expected for that model. The

quadrupole has a surprisingly low amplitude. Also, there are excursions from a smooth spectrum (e.g., at 40 and

210) that are only slightly larger than expected statistically. While intriguing, they may result from a combination

of cosmic variance, subdominant astrophysical processes, and small effects from approximations made for this first

year data analysis (Hinshaw et al. 2003b). We do not attach cosmological significance to them at present. More

integration time and more detailed analyses are needed. (bottom:) The temperature-polarization (TE) cross-power

spectrum, (l + 1)Cl 2 . (Note that this is not multiplied by the additional factor of l.) The peak in the TE spectrum

near l 300 is out of phase with the TT power spectrum, as predicted for adiabatic initial conditions. The antipeak in

the TE spectrum near l 150 is evidence for superhorizon modes at decoupling, as predicted by inflationary models.

Table 10. Basic and Derived Cosmological Parameters: Running Spectral Index Modela

Mean and 68% Confidence Errors

Amplitude of fluctuations A = 0 83 0 09
0 08

Spectral Index at k = 0 05 Mpc 1 ns = 0 93 0 03

Derivative of Spectral Index dns d lnk = 0 031 0 016
0 018

Hubble Constant h = 0 71 0 04
0 03

Baryon Density bh
2 = 0 0224 0 0009

Matter Density mh
2 = 0 135 0 008

0 009

Optical Depth = 0 17 0 06

Matter Power Spectrum Normalization 8 = 0 84 0 04

Characteristic Amplitude of Velocity Fluctuations 8
0 6
m = 0 38 0 04

0 05

Baryon Density/Critical Density b = 0 044 0 004

Matter Density/Critical Density m = 0 27 0 04

Age of the Universe t0 = 13 7 0 2 Gyr

Reionization Redshiftb zr = 17 4

Decoupling Redshift zdec = 1089 1

Age of the Universe at Decoupling tdec = 379
8
7 kyr

Thickness of Surface of Last Scatter zdec = 195 2

Thickness of Surface of Last Scatter tdec = 118
3
2 kyr

Redshift of Matter/Radiation Equality zeq = 3233
194
210

Sound Horizon at Decoupling rs = 147 2 Mpc

Angular Size Distance to the Decoupling Surface dA = 14 0
0 2
0 3 Gpc

Acoustic Angular Scalec A = 301 1

Current Density of Baryons nb = (2 5 0 1) 10 7 cm 3

Baryon/Photon Ratio = (6 1 0 3
0 2) 10 10

aFit to the WMAP , CBI, ACBAR, 2dFGRS and Lyman forest data

bAssumes ionization fraction, xe = 1

c lA = dC rs
WMAP 03



Et la polarisation ? 

Il manque au résultats actuels la 
polarisation du rayonnement

Impossible de valider complètement 
l’inflation



Avenir Radieux

Planck & successeurs mesurent le CMB

Mesure des ondes gravitationnelles avec 
la polarisation

Mesure du spectre des fluctuations 
primordiales

Prouver la théorie d’inflation

Reconstruction du potentiel d’inflation

Passer à des loisirs plus constructifs !
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Conséquences

Déformation du rayonnement observé

Mélange entre les deux modes de 
polarisation

Modification du spectre de puissance 

plus importante que la signature des ondes 
gravitationnelles !



Le 
rayonnement 

de fond 
comme 

mesure des 
fluctuations 
primordiales
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Polarisation

Derniere 
Diffusion

Les diffusions sur les 
anisotropies quadrupolaires 

induisent un exces de 
polarisation rectiligne

Polarisation est créée :

Par la diffusion Thomson

Uniquement sur la surface 
de derniere diffusion

Uniquement à partir des 
anisotropies quadrupolaires



Description de la 
polarisation

Les variables de Stokes Q et U 

Q et U forment un spineur-2

Les composantes E et B

E est un scalaire B pseudo scalaire

E = ∆−1 [(
∂x − ∂y

)
Q + 2∂x∂yU

]
B = ∆−1 [(

∂x − ∂y
)
U − 2∂x∂yQ

]

Ex = Ax cos(ωt + δx), Ey = Ay cos(ωt + δy)

I = A2
x + A2

y, Q = A2
x − A2

y, U = 2AxAy cos(δx − δy)

P± = Q ± iU
φ−→ P± e±2iφ

E
P−→ E, B

P−→ −B

Ex

Ey

E

B



Fluctuations primordiales

Scalaires

Perturbation de densité

Tensorielles 

Ondes gravitationnelles

Le rapport T/S est fonction de l’échelle 
d’énergie  de l’inflation

Le spectre de puissance des perturbations 
scalaires et tensorielle permet de tester le 
potentiel d’inflation



Modèles Slow Roll

Trois paramètres pour définir le modèle

Suffisant pour calculer les spectres 

Mesurer la signature des spectres et leurs 
amplitudes respectives dans le CMB 
permet de specifier le modèle

ε=
M2
pl

16π

(
V ′

V

)2
" 1 η=

M2
pl

8π
V ′′

V
" 1

ns ∼ 1−6ε+2η nT ∼−2ε

r = T/S ∝V 4∗



Signature sur le 
rayonnement de fond 

Perturbations scalaires

anisotropies de Température

Polarisation E

Perturbations tensorielles

anisotropies de température

Polarisation E

Polarisation B

faible  amplitude. Uniquement 
à grande échelle

120 Chapitre 6. Anisotropies du rayonnement fossile
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FIGURE 6.2 – Anisotropies du rayonnement fossile générées par les modes scalaires. Les ani-

sotropies de température sont représentées en traits pleins, celle de la polarisation (électrique)

en tirets, et la polarisation croisée en pointillés. Dans ce modèle, comme tous les autres de

ce chapitre, les paramètres cosmologiques sont, sauf mention contraire les suivants : h 0 5,

!
b
h
2 0 0125, !! 0 7, K 0, !tot 1, T

0
2 726 K, et nous avons considéré qu’il y

avait trois espèces de neutrinos relativistes non dégénérés. Les spectres initiaux des modes

scalaires et tensoriels sont pris invariants d’échelle (i.e. n
S

1, n
T

0).

version 2.0 1er juin 2001
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FIGURE 6.3 – Anisotropies du rayonnement fossile générées par les modes tensoriels. Les

anisotropies de température sont représentées en traits plein, celles de polarisation en tirets

courts (partie électrique) et longs (partie magnétique), et la corrélation croisée entre tempéra-

ture et polarisation est représentée en pointillés. On remarquera les différences entre les deux

spectres de la polarisation, qui sont uniquement dues à des propriétés de projection, comme

illustré (avec d’autres grandeurs) sur les fi gures 5.2 et 5.3 du chapitre précédent. De même,

la différence d’amplitude au maximum des deux spectres est due à des effets de projection.

On note à l’inverse que les anisotropies de température sont beaucoup plus contrastées, ce qui

s’explique par la nature transverse des ondes gravitationnelles (cf encore chapitre 5).

1er juin 2001 version 2.0
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L’effet de lentille gravitationnelle 
crée de la polarisation B 

Lensing vs. Gravitational-Waves: Which dominates?



L’effet de 
lentille des 

grandes 
structures



Effet de lentille
I

S

I

O

D

D D

ξ

α

θ

L
LS OL

OS

S
θ

θI = θS − 2
DOLDLS

DOS
∇2Dφ(θI)

κ(θ, zs) = −3

2
Ωo

∫
dz

H(z)

1

a

D(z)D(z, zs)

D(zs)
δ(θ, z)

Déformation proportionnelle au 
gradient transverse du potentiel

Effet cumulé des grandes structures proportionnel à la 
projection du contraste de densité



κ ∝ ∇ ·ξ

γ1∝∂1ξ1−∂2ξ2
γ2∝∂2ξ1 = ∂1ξ2

Δκ= (∂21−∂22)γ1+2∂1∂2γ2

Description

Convergence

Distortion (shear)

Et on ignore un “Curl” : effet secondaire faible



Cl=
(
1− l2σ0

)
C̃l

+
Z
d2l′ ((l− l′) · l′)2

l′4
C̃|l−l′| Pκ(l′)+o(κ2)

Sur le rayonnement de 
fond

X̂(θ)=X(θ+ξ)
∼X(θ)+ξi ∇i X+ξiξ j ∇i∇ jX+ ...

Sur la température, sur la polarisation Q, 
U
Dans l’approximation optique 
géométrique

Faible déformation 
Couplage à grande échelle
Amplification des petites échelles
apparition de non-gaussinité
déformations géométrique  



Effet limité aux petites 
échelles

l(
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1
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l 
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10–10

10–11

10–12

10–13

10–11

lensed 

unlensed

all 

flat

error

100

l

100010

Température

Cl=
(
1− l2σ0

)
C̃l

+
Z
d2l′ ((l− l′) · l′)2

l′4
C̃|l−l′| Pκ(l′)+o(κ2)



Décomposition E/B

∂iδθl P j+∂ jδθl ∂iPl != ∂ jδθl Pi+∂iδθl ∂ jPl

La modification des propriétés 
géométriques modifie la décomposition E/
B

Mélange de E et B
ΔÊ(θ) = (1−2κ)ΔE(θ)
−2δi j (γiPj+∂kγi∂kPj)

ΔB̂(θ) = (1−2κ)ΔB(θ)
−2εi j (γiPj+∂kγi∂kPj)

CE/B
l =

(
1− l2σ0

)
C̃E/B
l +

1
2

Z
d2l′ ((l− l′) · l′)2

l′4
Pκ(l′)

×
[(
C̃E/B

|l−l′| +C̃B/E
|l−l′|

)
+ cos(4φl)

(
C̃E/B

|l−l′|−C̃B/E
|l−l′|

)]
+o(κ2)

Spectre de Puissance
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A limit on the detectability of the energy scale of inflation

Lloyd Knox and Yong-Seon Song
Department of Physics, One Shields Avenue

University of California, Davis, California 95616, USA
(Dated: February 15, 2002)

We show that the polarization of the cosmic microwave background can be used to detect gravity
waves from inflation if the energy scale of inflation is above 3.2 × 1015 GeV. These gravity waves
generate polarization patterns with a curl, whereas (to first order in perturbation theory) density
perturbations do not. The limiting “noise” arises from the second–order generation of curl from
density perturbations, or rather residuals from its subtraction. We calculate optimal sky coverage
and detectability limits as a function of detector sensitivity and observing time.

Few ideas have had greater impact in cosmology than
that of inflation[1, 2, 3]. Inflation makes four predic-
tions, three of which provide very good descriptions of
data: the mean curvature of space is vanishingly close to
zero, the power spectrum of initial density perturbations
is nearly scale–invariant, and the perturbations follow a
Gaussian distribution. As the data have improved sub-
stantially (e.g., [4, 5, 6]) they have agreed well with in-
flation, whereas all competing models for explaining the
large–scale structure in the Universe have been ruled out
(e.g., [7, 8, 9]).

We must note though that these three predictions are
all fairly generic[28]. Further, although existing models
for the formation of structure have been ruled out, there
is no proof of inflation’s unique ability to lead to our
Universe. Indeed, alternatives are being invented [10].

The fourth (and yet untested) prediction may there-
fore play a crucial role in distinguishing inflation from
other possible early Universe scenarios. Inflation in-
evitably leads to a nearly scale–invariant spectrum of
gravitational waves, which are tensor perturbations to
the spatial metric. Detection of this gravitational–wave
background might allow discrimination between compet-
ing scenarios (e.g. [10]), and different inflationary models
(e.g. [11]).

The amplitude of the power spectrum of tensor per-
turbations to the metric is directly proportional to the
energy scale of inflation. One can use a determination of
the tensor contribution to CMB temperature anisotropy,
here parameterized by the quadruple variance, to deter-
mine this energy scale [12]:

V 1/4
∗ /mPl = 1.2〈Q2

T 〉1/4 = 3.0× 10−3r1/4 (1)

where r ≡ 〈Q2
T 〉/〈Q2

S〉, S stands for scalar (density) per-
turbation and 〈Q2

S〉 % 4 × 10−11 from observations[29].
Without detection of gravitational waves, the energy
scale of inflation remains uncertain by at least 12 orders
of magnitude. Pinning down this energy scale could be
crucial to understanding how inflation arises in a funda-
mental theory of physics.

In Fig. 1 we show the angular power spectrum of CMB
temperature perturbations contributed by scalar pertur-
bations and by tensor perturbations with r = 10−3. By

FIG. 1: Angular power spectra. Solid lines are for tempera-
ture anisotropies due to scalar perturbations, CS

Tl and tensor
perturbations, CT

Tl with r = 10−3. Dashed lines are for the
E modes from scalar perturbations, CS

El and the B modes
from tensor perturbations, CT

Bl. The dotted lines are for the
lensing–induced scalar B-modes, CS

Bl before (above) and after
(below) the cleaning that can be done by a perfect experiment.

determining the total CMB temperature power spectrum
we can determine or limit the energy scale of inflation,
based on the presence or absence of extra power at low
l. The scalar temperature perturbations inevitably limit
our ability to detect the tensor temperature perturba-
tions to those cases with r > rlim = 0.13. [13][30]

In [14, 15] it was pointed out that tensor perturbations
result in CMB polarization patterns with a curl, whereas
scalar perturbations do not. By analogy with electromag-
netism, these modes are called “B-modes”, and the curl–
free modes are called “E-modes”. This was an exciting
development, because the new signature of tensor pertur-

CE/B
l =

(
1− l2σ0

)
C̃E/B
l +

1
2

Z
d2l′ ((l− l′) · l′)2

l′4
Pκ(l′)

×
[(
C̃E/B

|l−l′| +C̃B/E
|l−l′|

)
+ cos(4φl)

(
C̃E/B

|l−l′|−C̃B/E
|l−l′|

)]
+o(κ2)
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it is roughly flat; its value is given in table II. Then,
as we get closer to the transition between the linear and
the non-linear regime, the ratio exhibits a slight drop.
Indeed, from Eq. (27) the ΛCDM model enters the non-
linear regime before, because of the difference between
the zeff. Hence, one expects to have, for a few modes, a
PΛ

κ that rises quicker than its quintessence counterpart.
Then, when the quintessence power spectrum also hits
the non-linear regime, the ratio will exhibit a shape very
similar to the one of the three dimensional power spec-
trum ratio, with the rescaling factor computed above.

In Fig. 7 we present the explicit computation of the
nonlinear power spectra of the convergence field using the
prescription of Peacock & Dodds to compute the redshift
evolution of the 3D power spectrum. Unlike Fig. 6, the
power spectra are not cluster normalized. In this case
the power spectra are normalized so that weak lensing
amplitudes match at 10’ scale when computed with the
linear power spectrum and match the amplitude of the
recent detections of weak lensing effects (e.g. σ8 ≈ 1 for a
Λ-CDM model with Λ = 0.7). Because of the projection
effects given in Table II, this is not equivalent to normal-
ized linear 3D power spectrum. Projection effects also
slightly change the shape of the projected linear power
spectrum. The redshift of the sources is simply here as-
sumed to be unity. The differences in the shape of the
power spectra is clearly visible and should be already
within observational constraints.

We also give, following the same prescription for the
normalization, the effects of a change of Ω0. In this case,
because we normalized to the convergence linear power
spectrum, the effects of Ω0 also directly affects the nor-
malization. Compared to 3D power spectra, it actually
worsen the situation and make the distinction between
quintessence models and such models striking.
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FIG. 7. Ratios P Q
κ (l)/PΛ

κ (l) for a source plane at z = 1. All
models are normalized so that σκ are the same at 10′ scale
and correspond to a Ω0 = 0.3, flat ΛCDM with σ8 = 1. The
observational window, in which measurements with an accu-
racy better than 10% is foreseeable, corresponds to " of 200
to 10,000 (minute to degree scale) where the most dramatic
changes take place.

The result of fig. 7 gives us hope to constraint strongly
the quintessence scenario using weak lensing surveys.
The next generation weak lensing surveys will made avail-
able wide surveys where a precise determination of the
lensing effect will be possible for a range of scale large
enough to map the sharp rise predicted here. For exam-
ple, measurement of the weak lensing effect amplitude
at one degree scale and at one minute scale with only a
ten percent precision appear sufficient to test a SUGRA
quintessence hypothesis. It seems that the observational
requirements are much more modest than direct mea-
surements of the angular distances through SNIa obser-
vations.

C. Weak lensing on Cosmic Microwave Background

In passing we note that weak lensing effects on CMB
maps could be used also to test quintessence hypothesis.
Amplitude of the effects are mainly given by the ampli-
tude of the fluctuations of κ, σ2

κ, along the line-of-sight
[51,52]. In Table III we show the amplitude of the lens
effects on the last scattering surface at two different an-
gular resolutions. They are mainly sensitive to the linear
change of the growth rate integrated over the line of sight.
It would probably be not a crucial test for the nature of
the vacuum energy but it is potentially an important test
to pass once the general cosmological parameters will be
determined. If the coming generation of observations call
for quintessence, observation of an excess of power of the
lens effect as suggested by these calculations, would be
an important consistency test.

TABLE III. Ratios between the amplitudes of the lens ef-
fects on the last scattering surface for different models and
the standard ΛCDM model (Λ = 0.7) at two different angu-
lar resolutions.

σ2
κ at z = 1000 5’ 10’

Ω = 0.25 Λ = 0.75 model 1.23 1.29
Ω = 0.4 Λ = 0.6 model 0.68 0.73

ωQ = −0.8 1.20 1.21
Ratra-Peebles α = 2 1.49 1.54

SUGRA α = 6 1.29 1.32
SUGRA α = 11 1.33 1.36

V. CONCLUSION

In this paper we have examined the growth of structure
in quintessence models in both the linear and the second
order regime and present their more striking implications
for the statistical properties of the low redshift large-scale
structure of the universe.

We paid particular attention to cases of realistic imple-
mentations of quintessence field since they lead to scenar-
ios where the energy fraction in the quintessence compo-
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〉

FIG. 2. Left: The kurtosis Kφφ due to lensing autocorrelations and Kφs due to lensing-SZ cross-correlations for a perfect
(no-noise) experiment (solid line) and Planck (dashed line). The kurtosis due to lensing-SZ correlations is negative at smoothing
scales below the kink at ∼ 8 arcminutes and positive thereafter; its absolute value is shown here. Right: The signal-to-noise
ratio for the detection of kurtosis in CMB data with curves labeled as in the left figure. We assume full sky-coverage; for partial
sky coverage the signal-to-noise ratio scales as

√
fsky, where fsky is the fraction of sky covered.

B. Kurtosis

Both lensing kurtosis Kφφ and the kurtosis Kφs due to lensing-SZ correlations are undetectable even for a perfect
no-noise experiment as illustrated in Fig. (2). Since the cumulative signal-to-noise ratio for Kφs is well below one,
we expect it to remain undetectable despite any uncertainty in our calculation of the SZ effect. Note our prediction
of the lensing kurtosis Kφφ is likely to be more certain since it only depends on the matter power spectrum, with
contributions coming mainly from the linear regime. Thus, uncertainties in non-linear aspects of clustering are unlikely
to affect our conclusion.

The signal-to-noise value for Kφφ can be compared to the cumulative signal-to-noise ratio for the direct detection
of the full trispectrum due to lensing, which in the case of Planck can be as high as ∼ 55 [6]. Consequently, although
the lensing kurtosis cannot be detected directly from the data, lensing effects associated with this kurtosis can
be used to reconstruct the lensing deflection angle as described in Refs. [8,9], again with cumulative signal-to-noise
ratios significantly greater than that for the kurtosis itself. The higher signal-to-noise ratio in lensing reconstruction is
possible for two reasons. Unlike the kurtosis, which averages indiscriminately over all configurations of the trispectrum
as shown in Eq. (17), lensing reconstruction is sensitive to certain configurations of the trispectrum, mainly those
that contribute to the power spectrum of squared temperature. This avoids severe positive-negative cancellations
that significantly reduce the signature of non-Gaussianity. Secondly, the noise contribution associated with lensing
reconstruction is also a priori reduced through a filter which is designed to extract information on the lensing potentials
optimally.

The low signal-to-noise associated with the kurtosis is also consistent with the fact that real-space moments, in
general, suffer from excess noise. Though such statistics are easily measurable in data, they do not provide the
most optimal methods to search for the existence of non-Gaussian signatures. While we recommend construction of
cumulants such as skewness and kurtosis as a first step in understanding non-Gaussianity from effects such as lensing,
we suggest that full measures of quantities such as bispectrum and trispectrum will be necessary to fully understand
the non-Gaussian behavior of lensing. If measurement of such statistics are still cumbersome, we suggest the use
of quadratic statistics in real space, such as the squared-temperature–temperature [7] and the squared-temperature–
squared-temperature [9] power spectra which probe certain configurations of the bispectrum and trispectrum.
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Fig. 2.— Power spectra of the CMB temperature and polarization
fields compared with the detector noise of the Planck satellite and
a nearly perfect experiment with a noise level of ∆T = ∆P /

√
2 =

1µK-arcmin and a beam of σ = 4′ (long dashed lines, thick for
polarization, thin for temperature). The Planck experiment has
sufficient signal-to-noise to map the Θ field but can only marginally
map the E-polarization field; the nearly perfect experiment can map
the all three fields to l = 2000.

on the E-polarization is similar to that of the temperature
and reflects the fact that cos 2ϕl′l ≈ 1 for L " l, where
the lens is smooth compared with the field. Even in the
absense of an unlensed B-polarization, lensing will gener-
ate it. The lensing structure differs since sin 2ϕl′l ≈ 0 for
L " l. This fact will ultimately lead to a different range
in L of sensitivity to φ from the various fields.

Since the unlensed fields and potential perturbations are
assumed to be Gaussian and statistically isotropic, the sta-
tistical properties of the lensed fields may be completely
defined by the unlensed power spectra

〈x̃∗(l)x̃(l′)〉 ≡ (2π)2δ(l − l
′)C̃xx′

l ,

〈φ∗(L)φ(L′)〉 ≡ (2π)2δ(L − L
′)L−2Cdd

L ,

where x = Θ, E, B and we have chosen to express the
potential power spectrum with a weighting appropriate for
the deflection field d(n̂). Under the assumption of parity
invariance

C̃ΘB
l = C̃EB

l = 0 , (6)

and in the absence of gravitational waves and vorticity
C̃BB

l = 0. The peak in the logarithmic power spectrum
L2Cdd

L /2π at L ∼ 30−40 defines the degree-scale coherence
of the deflection angles.

Finally, we define the power spectra of the observed tem-
perature and polarization fields as

〈x∗(l)x(l′)〉 ≡ (2π)2δ(l − l
′)Cxx′

l , (7)

where the power spectra include all sources of variance to
the fields including detector noise and residual foreground
contamination added in quadrature. We will include Gaus-
sian random detector noise of the form (Knox 1995)

CΘΘ
l

∣∣∣
noise

=

(
∆T

TCMB

)2

el(l+1)σ2/8 ln 2 ,

CEE
l

∣∣∣
noise

= CBB
l

∣∣∣
noise

=

(
∆P

TCMB

)2

el(l+1)σ2/8 ln 2 , (8)

where ∆T,P parameterizes white detector noise, here in
units of µK-radian, TCMB = 2.728 × 106 µK, and σ is the
FWHM of the beam. We will often assume ∆P =

√
2∆T

as appropriate for fully-polarized detectors. In Fig. 2, we
compare the signal and noise contributions to the total
power spectra for the Planck satellite experiment1 (mini-
mum variance channel weighting from Cooray & Hu 2000;
∆T ≈ 27µK-arcmin, ∆P ≈ 40

√
2 µK-arcmin, σ ≈ 7′) and

a near perfect reference experiment (∆T = ∆P /
√

2 =
1µK-arcmin and σ = 4′). In general where the signal
exceeds the noise power spectrum of a field, there is suf-
ficient signal-to-noise for mapping. When this is not the
case, a statistical detection of the signal may still be pos-
sible. The Planck experiment is on the threshold of being
able to map the E-polarization. The reference experiment
can map all 3 fields to l ∼ 2000.

3. MINIMUM VARIANCE ESTIMATORS

As can be seen from Eqn. (5), lensing mixes and there-
fore correlates the Fourier modes across a range defined by
the power in the deflection field Cdd

L (Hu 2000b). Consider
averaging over an ensemble of realizations of the temper-
ature and polarization fields but with a fixed lensing field.
The two-point correlation of the modes takes the form

〈x(l)x′(l′)〉CMB = fα(l, l′)φ(L) , (9)

where x, x′ = Θ, E, B, and L = l + l′. We have assumed
l *= −l′ and will use the subscript α to distinguish be-
tween choices of the xx′ pairing, e.g. α = ΘΘ. The cor-
relation returns the value of the deflection potential with
weightings fα that depend on the unlensed power spectra
of Eqn. (7), which are given explicitly in Tab. 1.

The two point correlations of the CMB Fourier modes
themselves cannot be used to reconstruct the deflection po-
tential since φ is also statistically isotropic so that in the
true ensemble average 〈φ(L)〉 = 0. Eqn. (9) does suggest
however that an appropriate average over pairs of multi-
pole moments can be used to estimate the deflection field
d(n̂).

1http://astro.estec.esa.nl/Planck

α fα(l1, l2)

ΘΘ C̃ΘΘ
l1

(L · l1) + C̃ΘΘ
l2

(L · l2)
ΘE C̃ΘE

l1
cosϕl1l2(L · l1) + C̃ΘE

l2
(L · l2)

ΘB C̃ΘE
l1

sin 2ϕl1l2(L · l1)
EE [C̃EE

l1
(L · l1) + C̃EE

l2
(L · l2)] cos 2ϕl1l2

EB [C̃EE
l1

(L · l1) − C̃BB
l2

(L · l2)] sin 2ϕl1l2

BB [C̃BB
l1

(L · l1) + C̃BB
l2

(L · l2)] cos 2ϕl1l2

Table 1

Minimum variance filters

〈X(l1)X ′(l2)〉CMB = fα(l1, l2) (l1+ l2)−2 κ(l1+ l2)

Reconstruction 
quadratique

Si l’on avait plusieurs CMB et un seul effet de lentille...

κ

Seljak Zaldarriaga et al 99+
Hu & Okamoto 02+
Kesden Cooray et al 03
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Let us define a general weighting of the moments

dα(L) =
Aα(L)

L

∫
d2l1
(2π)2

x(l1)x
′(l2)Fα(l1, l2) , (10)

where l2 = L − l1 and the normalization

Aα(L) = L2

[∫
d2l1
(2π)2

fα(l1, l2)Fα(l1, l2)

]−1

. (11)

is chosen so that

〈dα(L)〉CMB = d(L) ≡ Lφ(L) . (12)

In general there are 6 estimators corresponding to the 3!
pairs of Θ, E, B. In the assumed cosmology, where gravi-
tational wave perturbations are negligible compared with
density perturbations, α = BB has vanishing signal-to-
noise effectively reducing the estimators to 5.

We can optimize the filter Fα by minimizing the variance
〈d∗α(L)dα(L)〉, subject to the normalization constraint

Fα(l1, l2) =
Cx′x′

l1
Cxx

l2
fα(l1, l2) − Cxx′

l1
Cxx′

l2
fα(l2, l1)

Cxx
l1

Cx′x′

l2
Cx′x′

l1
Cxx

l2
− (Cxx′

l1
Cxx′

l2
)2

.

(13)
This filter takes on simple forms for two common cases: if
x = x′, as in the case of α = ΘΘ, EE and BB,

Fα(l1, l2) → fα(l1, l2)

2Cxx
l1

Cxx
l2

; (14)

if C̃xx′

l = 0, as in the case of α = ΘB and EB,

Fα(l1, l2) → fα(l1, l2)

Cxx
l1

Cx′x′

l2

. (15)

The noise properties of these estimators follows from

〈d∗α(L)dβ(L′)〉 = (2π)2δ(L − L
′)[Cdd

L + Nαβ(L)] , (16)

where

Nαβ(L) = L−2Aα(L)Aβ(L)

∫
d2l1
(2π)2

Fα(l1, l2)
(
Fβ(l1, l2)

×C
xαxβ

l1
C

x′

αx′

β

l2
+ Fβ(l2, l1)C

xαx′

β

l1
C

x′

αxβ

l2

)
. (17)

Recall that the xx-power spectra account for both the cos-
mic variance of the fields and the noise variance of the
experiment. Notice that for the minimum variance filter

Nαα(L) = Aα(L) . (18)

In Fig. 3, we compare the signal and noise power spectra
for the Planck experiment and the reference experiment
defined in §2. Recall that true mapping is possible when
the signal exceeds the noise spectrum. For the Planck
experiment, ΘΘ provides the best estimator reflecting the
fact that Planck will not be able to produce true maps of
the polarization modes. Furthermore, the signal-to-noise
is highest at L ∼< 200 reflecting the fact the modes are
mainly correlated across ∆L ∼ 60, where the deflection
power spectrum peaks.
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Fig. 3.— Deflection signal (dd) and noise power spectra of the
quadratic estimators and their minimum variance (mv) combina-
tion: (a) Planck experiment (b) reference experiment. As the sen-
sitivity of the experiment improves the best quadratic estimator
switches from ΘΘ to EB. Only the EB-estimator can reconstruct
the mass distribution at L ∼> 200.

For the reference experiment, all 5 estimators have suf-
ficient signal-to-noise to produce maps at L ∼< 200. The
EB estimator has the best signal-to-noise, and allows for
mapping to L ∼< 1000. The reason is that there is no noise
variance contributed by an unlensed B field. Furthermore,
the signal intrinsically comes from higher L. A B-field
at a wavenumber l cannot be generated from neighboring
modes l′ ∼ l from the low L deflection field because of the
sin term in the lensing kernel (see Eqn. 5). Thus the signal
to noise is relatively higher at high L in the EB estimator.

For experiments that are intermediate in sensitivity be-
tween Planck and the reference experiment, the five es-
timators of the deflection field have comparable signal-
to-noise and may be used to cross check each other. At
high-L where the individual estimators are noise limited,
combining the estimators as

dmv(L) =
∑
α

wα(L)dα(L) , (19)

can substantially reduce the noise. The minimum vari-
ance weighting is a generalization of the inverse variance
weighting that accounts for the covariance in Eqn. (17)

wα =

∑
β(N−1)αβ∑
βγ(N−1)βγ

. (20)

dα(L) =
Aα(L)
L

Z
d2l1 x(l1)x′(l2)Fα(l1, l2) Fα ∼ fα

Cl1Cl2
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Fig. 6.— Statistical errors achievable on the deflection power
spectrum with the Planck (fsky = 0.65) and reference experiments
(fsky = 1). Boxes represent band averaging width and 1σ errors.
The polarization information in the reference experiment allows for
a cosmic variance limited measurement of the projected power spec-
trum out to L ∼ 1000. In this regime, the fluctuations are almost
completely linear (dashed lines).

dot and cross products

Gi(n̂) = 2
∑
jkm

Eijk(n̂)Bjm(n̂)εkm3 , (27)

where εijk is the Levi-Civita symbol. The deflection field
is then reconstructed as

dEB(L) = −AEB(L)

L
L ·G(L) . (28)

The other quadratic estimators can be constructed in a
similar fashion.

Fig. 5 shows an example of the EB reconstruction
compared with the ΘΘ reconstruction on a 10◦ × 10◦

field with the reference experiment. Notice that the EB-
reconstruction has substantially lower noise on small angu-
lar scales. We assume here that the unlensed power spec-
tra have been determined externally from precision satel-
lite missions and through the modelling with cosmological
parameters (see Hu 2001b). Errors in the determination
translate into non-optimal filters and a small bias in the
amplitude of the reconstructed maps.

5. APPLICATIONS

In this section, we outline four applications for mass re-
construction: measurement of the (linear) power spectrum
in projection, cross correlation with cosmic shear observa-
tions, cross correlation with the temperature field, and
decontamination of the polarization signature of gravita-
tional waves. The first three applications have been ex-
tensively discussed in Hu (2001c) for the ΘΘ temperature
based estimator and we refer the reader to details therein.
Here we focus on the additional information provided by
the polarization field.

5.1. Linear Power Spectrum

The most direct application of mass reconstruction is
to measure the matter power spectrum in projection, i.e.
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Fig. 7.— Statistical errors on the cross correlation of CMB deflec-
tions and cosmic shear in three source redshift bands on a 1000 deg2

patch of sky for the Planck and reference experiment. Assumptions
for the cosmic shear experiment are given in the text. Precision
measurements from the polarization estimators enables highly sig-
nificant cross correlation detection and hence tomographic studies
of structure evolution.

the deflection power spectrum Cdd
L itself. Power spectrum

measurement requires only a statistical detection of the
deflection field, not a true reconstructed map and there-
fore can be extended to higher wavenumbers or smaller
scales than is possible for mapping. The noise level for the
estimation of band powers is reduced by averaging over L

directions in a band ∆L

∆Cdd
L ≈ 1√

L∆Lfsky
[Cdd

L + Nmv(L)] , (29)

where fsky is the fraction of the sky covered by the ex-
periment. In this approximation, the noise is assumed
to be Gaussian. This should be a good approximation
where the sample variance of the lenses dominates the
noise variance. Formally, the noise will be increasingly
non-Gaussian at high L as the estimator is constructed
out of fewer arcminute scale temperature and polarization
fluctuations. Quantification of this effect for the temper-
ature based reconstruction show that its effects are minor
(Hu 2001a); a full treatment requires the consideration
of the temperature-polarization trispectrum (Okamoto &
Hu, in prep.).

Polarization enables two advances over what can be
achieved by the temperature field alone. As in the case
of mapping, polarization enables precision measurements
at small scales through the EB-estimator. In Fig. 6,
we compare the Planck experiment (with fsky = 0.65)
and the reference experiment (with fsky = 1); as seen in
Fig. 3, former relies mainly on the ΘΘ-estimator and the
later on the EB-estimator. The noise in the Gaussian
approximation approaches the sample variance limit of
∆Cdd

L /Cdd
L = (L∆Lfsky)−1/2 on the scales L ∼< 1000, i.e.

a total of 1% precision in each 1% of sky. This corresponds

P̃κ(L)=L2
〈
dα(L)d ∗β (L)

〉
=Pκ(L)+Nαβ(L)

Nαα(L) = L2Aα(L) = L4
[Z

d2l fα(l,L− l) Fα(l,L− l)
]−1

Ce n’est pas le cas, et il reste un bruit 
d’autocorrelation Reference

ΔT =
√
2ΔP= 1µK arcmin

σFWHM = 4′
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A. Likelihood function and gradient

For a given lens configuration with re-mapping function g, the covariance matrix Ĉ of the measured CMB is
computed from:

Ĉg = 〈x̂x̂
†〉 = 〈(x̃ + η)(x̃ + η)†〉 = C̃g + N = ΛgCΛ†

g + N, (17)

where N = 〈ηη†〉 is the noise matrix. The measured CMB is Gaussian-distributed if we assume that the primary CMB
x and instrument noise η are both Gaussian. (Note: the assumption of Gaussianity only applies before we average
over LSS realizations.) The (negative log) likelihood function L for a lens configuration with re-mapping function g
is then given (up to an irrelevant constant) by:

L(g) =
1

2
ln det Ĉg +

1

2
x̂
†
Ĉ

−1
g x̂, (18)

Now we wish to determine the likelihood gradient with respect to the lens configuration g = (κ, ω). We will compute
the gradient of the likelihood function, Eq. (18), using Eq. (17):

∂L
∂κl

= Tr

(
Ĉ

−1
g

∂Λg

∂κl[g]
CΛ†

g

)
− x̂

†
Ĉ

−1
g

∂Λg

∂κl[g]
CΛ†

gĈ
−1
g x̂. (19)

The maximum-likelihood estimator is given by the relation ∂L/∂κl = 0. (We also require ∂L/∂ωl = 0 if we are
estimating ω as well as κ.) However, maximum likelihood estimation of the lensing field is generally unstable because
the lensing field has too many degrees of freedom. In order to regularize the problem, we introduce a Bayesian
prior probability distribution ∝ e−℘ for g = (κ, ω), i.e. we take prior probability dP ∝ e−℘(g)

∏
l
dκldωl. It is most

convenient to take a Gaussian prior based on the power spectra of κ and (if applicable) ω:

℘(κ, ω) =
1

2

(
κ†

C
κκ−1κ + ln detC

κκ
)

+
1

2

(
ω†

C
ωω −1ω + ln detCωω

)
=

1

2

∑
l

( |κl|2
Cκκ

l

+ lnCκκ
l

)
+

1

2

∑
l

( |ωl|2
Cωω

l

+ lnCωω
l

)
, (20)

where in the second equality we have assumed that the prior on κ and ω is statistically isotropic. (Note that this
assumes the power spectra are known; we will consider the problem of estimating Cκκ

l from CMB data in §V. The
methods we present in §V allow iterative determination of both the convergence field κ and the power spectrum Cκκ

l .)
If we are neglecting the field rotation then the terms involving ω should simply be removed. The mode of the posterior
probability distribution is given by minimizing L + ℘; we thus set ∂℘/∂κl = −∂L/∂κl, or:

[Cκκ−1κ]∗l = −Tr

(
Ĉ

−1
g

∂Λg

∂κl[g]
CΛ†

g

)
+ x̂

†
Ĉ

−1
g

∂Λg

∂κl[g]
CΛ†

gĈ
−1
g x̂. (21)

Because of the presence of the prior Cκκ−1, this estimator will filter out lensing modes that cannot be accurately
reconstructed from the CMB data. It can thus be viewed as a sort of nonlinear generalization of the Wiener filter.

B. Practical estimator for the convergence

The likelihood gradient, Eq. (19), and hence the convergence estimator Eq. (21) based on it, are difficult to
evaluate. We therefore investigate several approximations to the likelihood function. First, we consider only the
convergence, κ; the rotation ω will be shown in §IV to be unimportant unless instrument noise is very small. We note
that Eq. (21) can be re-written as:

[Cκκ,−1κ]∗l = −Tr

(
Λ†−1

g wΛ−1
g

∂Λg

∂κl[g]
CwΛ−1

g Ĉg

)
+ x̂

†Λ†−1
g wΛ−1

g
∂Λg

∂κl[g]
CwΛ−1

g x̂, (22)

where the weight matrix w is defined by:

w = Λ†
gĈ

−1
g Λg = (C + Λ−1

g NΛ†−1
g )−1. (23)
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Ĉg = ΛgCΛ†g
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FIG. 8: (a) Simulated convergence power spectrum estimation from Ref. Expt. C with solid angle 0.355 steradians. The solid
curve is the fiducial model Cκκ

l ; the points are the convergence power spectrum measured from simulated data after 5 iterations.
(b) The same, except that the l ≥ 1600 convergence modes were ignored in producing the simulated data (however, exactly
the same CMB+LSS+noise realization was used). The horizontal error bars indicate the widths of the bins, while the vertical
error bars are the 1σ measurement uncertainties according to Eq. (72). Note that the vertical error bars include the Monte
Carlo error associated with using NMC = 3 simulations to determine 〈vµ〉; if we had calculated 〈vµ〉 exactly (NMC $ 1), the
vertical error bars would be 13% smaller (see text for details).

primary anisotropies rather than lensing, we do not expect a degeneracy between these two quantities.) It will also be
necessary to estimate the convergence power spectrum well beyond the region of interest in order to avoid the upward
bias described here. Since the signal-to-noise ratio at high l is low, it will be necessary to use wider bins (i.e. larger
∆l) in this region. The choice of exactly which bins to use must be determined by the characteristics of the specific
experiment.

VII. CONCLUSIONS

Weak gravitational lensing of the CMB allows us to reconstruct the (projected) mass distribution in the universe,
thereby probing large-scale structure and its power spectrum. Since the window functions for lensing peak at redshift
z of order unity, lensing offers the possibility of using the CMB to study the low-redshift universe [1, 2, 3, 4, 5].
“Cleaning” of lensing from CMB maps is potentially valuable for studying the primary CMB, particularly for infla-
tionary gravitational wave searches using the low-l B-mode polarization [11, 12]. Since the primary CMB polarization
is expected to contain only E-modes on the relevant angular scales (l of order 103), while lensing transfers some of the
CMB polarization power into B-modes [9], all B-modes that we see on these scales are due to lensing (or foregrounds).
Thus the CMB B-mode polarization allows much better lensing reconstruction than is possible using temperature
data alone. It is thus of interest to consider optimal methods of reconstructing the lensing field from CMB polarization
data; in this paper, we have investigated this problem in detail and improved significantly on the previous quadratic
estimator methods [10]. We have shown that this improvement can be up to an order of magnitude in mean squared
error over the zero-noise reconstruction error for the quadratic estimator.

We make several comments concerning the present calculations. First of all, our lensing estimator, Eq. (21),
while statistically superior to the quadratic estimator, still does not achieve the Cramer-Rao bound on reconstruction
accuracy. We have argued that this results in part from “curvature corrections,” fluctuations in the curvature matrix
that render the Cramer-Rao bound impossible to achieve (more generally, this should also serve as a warning against
blindly assuming that the statistical errors in any measurement are given by F−1.). We expect that our lensing
reconstruction estimator is near-optimal since it is an approximation to the maximum-likelihood estimator and our
iterative estimator shows no signs of incomplete convergence, however the possibility of further improvement has not
been ruled out.
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Autres estimateurs de la 
distribution de matière

Effet de lentille  sur les galaxies d'arrière plan (z=1,2)

Tomographie de l’effet de lentille

Effet ISW (contribution ISW à la température

Distribution des galaxies, amas

explored for temperature maps !14". We extend this study
here taking advantage of the specific geometrical depen-

dences uncovered in the previous section.

B. Definition of b! and b#

The magnetic component of the polarization in Eq. $8%
appears to be built from a pure CMB part, which comes from

the primordial polarization, and a gravitational lensing part.

It is natural to define b in such a way that mimics the &B̂
function dependence by replacing the CMB shear field by the

galaxy one:

b!' i j$(gal
i & P̂ j"(gal,k

i P̂ j ,k%

!' i j$(gal
i &P j"(gal,k

i P j ,k%"O$)2%. $15%

In the following, we will label local lensing quantities, such

as what one can obtain from lensing reconstruction on galaxy

surveys, with a ‘‘gal’’ index. This new quantity can be

viewed as a guess for the CMB polarization B component if

lensing was turned on only in a redshift range matching the

depth of galaxy surveys. The correlation coefficient of this

guess with the true &B field, that is, *&B̂b+ , is expected to
be quadratic both in P and in ( and to be proportional to the
cross-coefficient r.

For convenience, and in order to keep the objects we ma-

nipulate as simple as possible, we will not exactly implement

this scheme, as it will lead to uneven angular derivative de-

grees in the two terms of resulting equations. We can, in-

stead, decompose the effect in the & and # parts. These two

are not correlated, since their components do not share the

same degrees of angular derivation.2 Hence, we can play the

proposed game, considering the two terms of Eq. $8% as if
they were two different fields, creating two guess quantities

that should correlate independently with the observed B field.

Following this idea we build b& as

b&,' i j(gal
i & P̂ j

!' i j(gal
i &P j"O$)2% $16%

which corresponds to the & term in Eq. $8%. The amplitude of
the cross-correlation between &B and b& can easily be esti-

mated. At leading order, we have

*&B̂b&+!#2' i j'kl*(k(gal
i +*&Pl&P j+. $17%

The corresponding # correlation is

*&B̂b#+!#2' i j'kl*-m(k-n(gal
i +*-mPl-nP

j+ , $18%

where we have defined

b#,' i j-k(gal
i -kP̂

j. $19%
Figure 4 shows numerical simulations presenting maps of

first order &B̂ , its & and # contributions, and the corre-

sponding guess maps one can build with a low-z shear map.

The similarities between the top maps and the bottom maps

are not striking. Yet under close examination one can recog-

nize individual patterns shared between the maps. This is

confirmed by the computation of the correlation coefficient

between the maps, which shows significant overlapping, be-

tween 50% and 15%, depending the correlation and filtering

strategy. The calculations hereafter will evaluate the theoret-

ical correlation structure between maps given in Figs. 4b and

4g, 4h.

For galaxy surveys, the amplification matrix is !23"

Agal
#1$.! %#Id!#!

0

zgal

d/wgal$/%

$! d3k

$20%3/2
1$k! %ei[kr/"k!!D(/).

! ]

$" 1"cos$22k!
% sin$22k!

%

sin$22k!
% 1#cos$22k!

%# , $20%

where 1(k) is the Fourier transform of the density contrast at
redshift z(/), w is the lens efficiency function, and 2k!

is

the position angle of the transverse wave vector k! in the

k!!(kx , ky) plane. Assuming a Dirac source distribution,
the efficiency function is given by

wgal$z %!
3

2
30

DzDz→zgal

aDzgal

. $21%

Note that the Fourier components 1(k) include the density
time evolution. They are thus proportional to the growth fac-

tor in the linear theory. The time evolution of these compo-

nents is much more complicated in the nonlinear regime $see
!22"%.
Then, b! is

b!$.! %!!/galD$/ , l! ,k! %Ẽ$ l %1$k %G !
Ker$ l! ,k!!%, $22%

with the integration element defined as

2Generically, a random field and its derivative at the same point

are not correlated.

TABLE I. Values of r, the cross-correlation between two source

planes (zgal and zcmb!1100), for different models. The adopted
filter scale $see Sec. III C for details% is 2 arc min for both the weak
lensing survey and cosmic microwave background observations.

Non-linear evolution of P(k) has been computed using the

Peacock-Dodds method !22".

r coefficient zgal!1 zgal!2

EdS, linear 0.42 0.60

3!0.3, 4!0.7, linear 0.31 0.50

3!0.3, 4!0.7, nonlinear 0.40 0.59
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gence but also translations and a whole class of ank
realization-dependent complex deformations are indiscern-

ible. Thus, with only knowledge of the B component of the

polarization, one cannot, with the first order equation !8",
recover the projected mass distribution.

It is worth noting here that this calculation is not in con-

tradiction with the Guzik-Seljak-Zaldarriaga results #10$. In
their paper they show that using different statistics, based on

polarization measurements, they are able to reconstruct the

lens power spectrum of the large-scale structure. Moreover,

this reconstruction is hampered by noise induced by the au-

tocorrelation of the cosmic microwave background struc-

tures. This noise is strongly related to the kernel problem

addressed here. They can choose their statistic to reduce this

noise to an acceptable level in the power spectrum, yet they

cannot reconstruct a shear map.

III. CROSS-CORRELATING CMB MAPS AND WEAK

LENSING SURVEYS

A. Motivation

Even with the most precise experiments it is clear that

clean detection of B components will be difficult to obtain.

The magnetic polarization amplitude induced with such a

mechanism is expected to be one order of magnitude below

the electric one #17$. Besides, even if we know that there is a
window on an angular scale where other secondary effects

will not interfere too much with the detection of the lens-

induced B #20$, little is known about removing the fore-
grounds #21$ to obtain clean maps reconstruction algorithms
would require.

These considerations lead us to look for complementary

data sets to compare B with. Although the source plane for

weak lensing surveys #5$ is much closer than for the lensed
CMB fluctuations, we expect to have a significant overlap-

ping region in the two redshift lens distributions, so that

weak lensing surveys can map a fair fraction of the line-of-

sight CMB lenses. Consequently, weak lensing surveys can

potentially provide us with shear maps correlated with B, but

which have different geometrical degeneracy, noise sources,

and systematics than the polarization field.

The correlation strength between the lensing effects at

two different redshifts can be evaluated. We define r as the

cross-correlation coefficient between two lens planes:

r!zgal"!
%&&gal'

!%&2'%&gal
2 '
. !14"

In a broad range of realistic cases !see Table I", r(40%. To
take advantage of this large overlapping we will consider the

quantity that cross-correlates the CMB B field and galaxy

surveys. Moreover, cross-correlation observations are ex-

pected to be insensitive to noises in weak lensing surveys

and in CMB polarization maps. This idea has already been

FIG. 4. The effect of the two terms of the perturbation formula. Top row, the lens effect is the sum of the lenses up to recombination.

Bottom row, we use the same line-of-sight mass fluctuations but only up to redshift unity; it represents our ‘‘local’’ lensing survey. The

convergence fields !left panels" have been computed by slicing the z axis and summing up the lensing effect in each slice. Lens-lens coupling
!including departure from the Born approximation" terms have been neglected, which is consistent with our first order approximation. The
convergence in each slice has been created by using second order Lagrangian dynamics. The middle-left panels show the leading order

contribution, the middle right the ) contribution, and the right the * one. In this example, the correlation coefficient between the two

convergence maps, r, is equal to 0.48 at 1.8!. The cross-correlation coefficient between the guess map !f" and the real one !b" is 0.47. It is
0.37 between the real !b" and ) !g" maps and goes down to 0.16 for the real !b" and * !h".
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Fig. 3.— Signal-to-noise ratio of 〈cos(θg)〉 as a function of the convergence smoothing scale θ0. The CMB and the galaxy surveys have
both a size of 900 deg2. The cosmological models are standard-CDM (dashed line), open-CDM (dotted line) and Λ-CDM (solid lines). The
beam size is always 2.5’ except for the thick line (Λ-CDM, beam=5’) and thick thick line (Λ-CDM, beam=10’).

Exces d’alignement
No. 1, 2000 LENSING EFFECT 17

FIG. 2.ÈProbability distribution function of the relative orientation h
gbetween the CMB ellipticity and the sheared distant galaxies (eq. [16]).

The beam size is for the upper plot and for the lowerh0CMB \ 2@.5 h0CMB \ 10@
plot, and the smoothing lengths of the convergence are respectivelyi

gand The horizontal solid line represents the uniform dis-h0 \ 2@ h0 \ 10@.
tribution of in the unlensed case. The dot-dashed line is forh

g
)

M
\ 0.3,

" \ 0, the triple dotÈdashed line for " \ 0.7,p8 \ 1 ; )
M

\ 0.3, p8 \ 1 ;
and the dashed line for " \ 0,)

M
\ 1, p8 \ 0.6.

ish
i

E \ 1
N

;
i/1

N
cos [h

g
(h

i
)] . (18)

The ensemble average of the variance of this estimator is

SE2T \ Scos2 h
g
T

N
] N [ 1

N
P d2h1

S

P d2h2
S

] Scos [h
g
(h1)] cos [h

g
(h2)]T . (19)

The Ðrst term accounts for the variance resulting from the
random intrinsic orientation of the ellipticities. The second
term is the contribution of the cosmic variance. N can be
either the number of individual galaxies or the number of
cells in which the galaxy ellipticities are averaged. In any

case, for S large enough, it is reasonable to take N ] O,3
for which only the cosmic variance term matters. Therefore,
the variance of is approximated byScos h

g
T

p
Wcos (hg)X2 ^

P
S

d2h1
S

d2h2
S

Scos [h
g
(h1)] cos [h

g
(h2)]T .

(20)

The correlator depends onC \ Scos [h
g
(h1)] cos [h

g
(h2)]T

the temperature correlation function and on the con-
vergence correlation function, and it has to be calculated
from the joint probability P(c

g
(h1), c

g
(h2), eü (h1), eü (h2)).

4.2. Calculations
The calculations are simpliÐed if we assume that the tem-

perature Ñuctuations are unlensed and uncorrelated with
the orientation of the galaxies. This will give, by construc-
tion, the signal-to-noise ratio of the CMB-lens positive
detection against the hypothesis of no lensing on CMB. In
that case, the lensing and the CMB distribution functions
are separable and can be written

P(c
g
(h1), c

g
(h2), e(h1), e(h2))

\ Plens(cg
(h1), c

g
(h2))PCMB(e(h1), e(h2)) . (21)

Using equation (3), it is then possible to reexpress the latter
distribution in terms of the variables andg(h1), g(h2), q1, q2,
taking advantage of the fact that follows aPCMB(g(h1), g(h2))
Gaussian distribution. Therefore has thePCMB(g(h1), g(h2))
same form as in equation (14) with

V \ [g(h1), g(h2)] ,

M \ 1
2
A Sq2T

Sq(h1)q(h2)T
Sq(h1)q(h2)T

Sq2T
B

; (22)

here the correlation coefficient is deÐned as the temperature
Ñuctuations taken at two di†erent locations and Simi-h1 h2.
larly, is given by equation (14) withPlens(cg

(h1), c
g
(h2))

V \ [c
g
(h1), c

g
(h2)]

M \ 1
2
A Si

g
2T

Si
g
(h1)i

g
(h2)T

Si
g
(h1)i

g
(h2)T

Si
g
2T

B
. (23)

We are now in position to calculate C in which we rewrite
(resp. ascos [h

g
(h1)] cos [h

g
(h2)]) cos [h

e
(h1) [ hgal(h1)]

(resp. where is the orientationcos [h
e
(h2) [ hgal(h2)]), h

e
(h1)

of the CMB ellipticity at location and the orien-h1, hgal(h1)
tation of a galaxy at location It is useful to deÐneh1. /

e
\

and and to expressh
e
(h1) [ h

e
(h2) /gal \ hgal(h1) [ hgal(h2),

and as a function ofPlens(cg
(h1), c

g
(h2)) PCMB(g(h1), g(h2))

and respectively. Then the only non-cos /gal cos /
e
,

3 For example, for a 900 deg2 survey there are N ^ 9 ] 107 objects with
I \ 24 mag.

TABLE 1

VALUES OF AND ITS SIGNAL-TO-NOISE RATIOScos h
g
T

S/N

MODEL Scos h
g
T(h \ 5@) h \ 2@.5 h \ 5@ h \ 10@

Standard CDM (900 deg2) . . . . . . 0.057 8.3 5.4 3.3
"CDM (900 deg2) . . . . . . . . . . . . . . . 0.054 10.7 6.7 3.9
Open CDM (900 deg2) . . . . . . . . . 0.040 7.5 4.4 2.3
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Polarisation B

Estimateur de la corrélation croisée

Thus, the lensing effect does not produce any polarization nor rotate the polarization vector, it
just moves the apparent direction of the line of sight7; if !P = (Q,U) the Stoke variables,

!̂P (!α) = !P (!α + !ξ). (1)

This mechanism alters the geometrical properties of the polarization field, that is to say, changes
the electric (E) and magnetic (B) components of the polarization that reflects its non-local
geometrical properties. Indeed, inflationary models, predict that the small scale B polarization
is dominated by lens effect9,5. We explicit this point in the weak lensing regime where distortions
are small. At leading order (one can refer to 1 for description of this calculation) one obtains:

∆B̂ = −2εij

(
γi∆P̂ j + γi

,kP̂
j,k

)
(2)

where we described the lens effect by its convergence field κ = −1/2 ξi
,i and its shear field

(γ1, γ2) = −1/2 (ξx
,x − ξy

,y , 2 ξy
,x). The εij (the totally antisymmetric tensor) reflects the

geometrical properties of the B field. It comes in front of two shear-polarization mixing terms.
One which we will call the ∆-term couples the shear with second derivative of the polarization
field. The other one, hereafter the ∇-term, mixes gradient of the shear and polarization.

As a consequence, the B field directly reflects the properties of the shear maps. Fig. 1 shows
a comparison of relation (2) with the exact lensing effect. The agreement is excellent.

3 Cross-correlating CMB maps and weak lensing surveys

With the help of eq.(2), one can try to recover lensing information out of B polarization. Un-
fortunately, a direct inversion is not possible since it leads to a huge degeneracy in the resulting
shear maps 1. Another way of deciphering the encoded lensing data will be to cross-correlate
CMB polarization with other lensing information, namely, weak lensing galaxy surveys2.

There are strong theoretical motivations to perform this kind of cross-correlations6,1. The
cross-correlation coefficient between line-of-sight mapped by a photon emerging from last scat-
tering,

r =
〈κcmb κgal〉√〈
κ2

cmb

〉 〈
κ2

gal

〉 , (3)

is around 40% in standard models and accordingly, the correlation between B polarization and
lensing survey will be significant. Since only the lens effect generates B field at this scale, we can
expect to have a low cosmic variance on the cross-correlation. Moreover, one can assume that
systematics and foreground noises that will hamper each detections will be poorly correlated, so
that mixing the two data sets can be an effective way of enhancing the accuracy of the signal.

We present here two objects that mix CMB polarization data with reconstructed shear fields.
Looking at eq. (2), the most simple idea is to try to construct guess B-fields, b∆ and b∇, with
local shear instead of the CMB one and to try to correlate them with our polarization data.

b∆ ≡ εijγ
i
gal∆P̂ j, b∇ ≡ εij∂kγ

i
gal∂kP̂

j . (4)

Then, the amplitude of the cross-correlation between ∆B and b∆ can easily be estimated. At
leading order, we have〈

∆B̂ b∆(!α)
〉

= −
〈
∆E2

〉
〈κκgal〉 ,

〈
∆B̂ b∇(!α)

〉
= −

1

2

〈
(!∇E)2

〉 〈
!∇κ · !∇κgal

〉
. (5)

These results remain valid even when filtering effects are included (see1 for complete calculation).
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As a consequence, the B field directly reflects the properties of the shear maps. Fig. 1 shows
a comparison of relation (2) with the exact lensing effect. The agreement is excellent.
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is around 40% in standard models and accordingly, the correlation between B polarization and
lensing survey will be significant. Since only the lens effect generates B field at this scale, we can
expect to have a low cosmic variance on the cross-correlation. Moreover, one can assume that
systematics and foreground noises that will hamper each detections will be poorly correlated, so
that mixing the two data sets can be an effective way of enhancing the accuracy of the signal.

We present here two objects that mix CMB polarization data with reconstructed shear fields.
Looking at eq. (2), the most simple idea is to try to construct guess B-fields, b∆ and b∇, with
local shear instead of the CMB one and to try to correlate them with our polarization data.

b∆ ≡ εijγ
i
gal∆P̂ j, b∇ ≡ εij∂kγ

i
gal∂kP̂

j . (4)

Then, the amplitude of the cross-correlation between ∆B and b∆ can easily be estimated. At
leading order, we have〈

∆B̂ b∆(!α)
〉

= −
〈
∆E2

〉
〈κκgal〉 ,

〈
∆B̂ b∇(!α)

〉
= −

1

2

〈
(!∇E)2

〉 〈
!∇κ · !∇κgal

〉
. (5)

These results remain valid even when filtering effects are included (see1 for complete calculation).

Figure 1: Numerical simulation results for 4.4 square degrees maps. Right panel is the result of an exact simulation
of a B field. Middle left is the result of the first order approximation. The two right panels are the b∆ and b∇

maps. The convergence fields used here have a cross-correlation coefficient of 0.48. The cross-correlation coefficient
between the guess maps and one of the real maps are respectively 0.37 and 0.16.

Fig. 1 shows a numerical illustration of this cross-correlation. The similarities between
the left and the right maps are not striking. Yet, under close examination one can recognize
individual patterns shared between the maps. Moreover, computation of correlation coefficient
gives significant overlapping up to 40%.

Using this results, we define two quantities insensitive to the normalization of CMB and σ8

and to filtering effects, which probe the cross-correlation between two lensing planes:

X∆ ≡

〈
∆B̂ b∆("α)

〉
〈
∆Ê2

〉 〈
κ2

gal

〉 = −
〈κκgal〉〈

κ2
gal

〉 , X∇ ≡

〈
∆B̂ b∇("α)

〉
〈
("∇Ê)2

〉 〈
("∇κgal)2

〉 = −
1

2

〈
"∇κ · "∇κgal

〉
〈
"∇κ2

gal

〉 (6)

Previous methods to probe weak lensing in CMB anisotropies4,6 ran into high cosmic variance
problems. This is not surprising since lens effect which is not dominant can be masked by
statistical deviations of the primary CMB signal, thus reducing the accuracy of lens detection.
Since B polarization only emerges in presence of lensing, this last effect should be less important.
Indeed, we showed in 1 that X∆ cosmic variance can be simply estimated in terms of the cosmic
variances of the polarization field and of the shear field.

CosV ar(X∆) = CosV ar
(〈

∆E2
〉)

+

(
1 + r2

2 r2

)
CosV ar

(〈
κ2

〉)
. (7)

The same kind of equation holds for X∇. This expression leads to values for the cosmic variance
of X∆ of less than 8% for realistic 100 square degrees surveys (see table 1).

Table 1: Values of the cosmic variance of X!. The survey size is 100 deg2. We used the results of ray-tracing
simulation from 11 and the Cl given by “CMBSlow”10. From this estimations, we can expect a cosmic variance

for X!of less than 10% for realistic scenarii.

CosV ar (X∆) CosV ar (X∇)
Ω0 = 0.3 Ω0 = 1 Ω0 = 0.3 Ω0 = 1

θ = 5′, θgal = 2.5′ 6.44% 4.77% 6.06% 4.72%
θ = 5′, θgal = 5′ 6.58% 4.79% 4.99% 4.23%
θ = 10′, θgal = 5′ 8.71% 6.73% 9.49% 7.62%

4 Conclusion - Sensitivity to the cosmic parameters

We showed that weak lensing effect on the CMB B polarization can be embedded in a simple,
real space, first order expression. This expression can be used to create mathematical objects
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FIG. 2: The response factor Rl of Eq. (17) satisfying

〈vαβ(‖)
lm 〉 = Rlκlm.

One problem that we find with this method is that
the v field contains “ghosts” caused by the Galactic
plane (where small-scale temperature fluctuations of sev-
eral millikelvin or more can occur due to Galactic emis-
sion). We solve this problem by setting T = 0 within
the WMAP Kp4 [83] Galactic plane mask. We have veri-
fied that using the Kp2 mask instead produces only small
changes to the results.

The weight functions Wl and ClWl are shown in Fig. 3.
We also show the real-space weights, given by

W (θ) =
∑

l

2l + 1

4π
WlPl(cos θ), (18)

and similarly for [CW ](θ).

D. Frequency-averaged lensing maps

The methodology outlined in Sec. III C allows us to
construct 28 lensing maps vαβ corresponding to the 28
pairs of differencing assemblies. For this analysis, we
need to produce an “averaged” lensing map v(TT ) based
on a minimum-variance linear combination of the 28 DA-
pair maps. The averaged lensing map is determined by

the weights a(TT )
αβ :

v(TT ) =
∑
αβ

a(TT )
αβ vαβ . (19)

We select these weights to minimize the amount of power

in v(TT ), subject to the restriction
∑

a(TT )
αβ = 1; this is

done by minimizing the total vector power in v between

multipoles 50 and 125: P =
∑125

l=50

∑l
m=−l |v(TT ) ‖

lm |2,
which is a quadratic function of the weights a(TT )

αβ . The

optimal weights a(TT )
αβ are complicated to establish ana-

lytically since the maps vαβ are highly correlated. We
have therefore minimized P using a simulated lensing
map (see Sec. IVC). Using a simulated map rather than
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FIG. 3: (a) The weight functions Wl and ClWl. (b) The same
weight functions in real-space (Eq. 18); WT̂ and CWT̂ are
obtained by convolving the (beam-deconvolved) temperature
T̂ with these kernels.

FIG. 4: The divergence of the lensing vector field map,
∇ · v(TT ), smoothed with a 30 arcmin FWHM Gaussian, and
displayed in Galactic Molleweide projection. Note the promi-
nent artifacts surrounding the Galactic plane cut and the
point sources (which are removed by the Kp05∩S10\ps2 cut).

the real data avoids the undesirable possibility of the
weights being statistically correlated with the data. We

also fix a(TT )
Q1,Q2 = 0 because the vQ1,Q2 map would be the

most heavily contaminated by point sources. The weights
so obtained are shown in Table I. A map of ∇ · v(TT ),
smoothed to 30 arcmin resolution (Gaussian FWHM) is
shown in Fig. 4.

Also, to study foreground effects on lensing estima-
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FIG. 8: The galaxy-convergence correlation, using the
frequency-averaged v(TT ) map. The top panel shows the cor-
relation using the Kp05∩S10\ps2 mask (which rejects point
sources). The middle panel shows the correlation using the
Kp05∩S10 mask, which does not reject point sources. The
bottom panel shows the correlation with the v(TT ) field ro-
tated by 90 degrees; this should be zero in the absence of
systematics (see Sec. VIA). The error bars are from simula-
tions as described in Sec. VB. The dashed curve shows the
theoretical signal for bg = 1.81.

l-bands are very weakly correlated, so we have not at-
tempted to further optimize the relative weights of the
various cross-power estimators ĉA.

The most obvious way to estimate the uncertainty in b̂g

by noting that Eq. (36) is a linear function of the cA, and
substituting in the covariance matrix Γ̂AB of the {cA}:

σ(b̂g; incorrect) =

∑N
A,B=1 Γ̂AB dcA

th

dbg

dcB
th

dbg
/Γ̂AAΓ̂BB[∑N

A=1

(
dcA

th

dbg

)2
/Γ̂AA

]2 .

(37)
This calculation is incorrect for finite number M < ∞
of simulations because it neglects the fact that the Γ̂AB

are themselves random variables. One approach to the
problem is to take a sufficiently large number of simu-
lations M that the error in Eq. (37) becomes negligible.
The difficulties in this approach are that it could be very
computationally intensive; we do not know whether M
simulations are “enough” unless we try even larger val-
ues of M to check convergence. An alternative method,
which we have used here, is to run an additional M ′ = 50
simulated realizations of {ĉA} (identical to those used to
compute Γ̂AB except for the random number generator
seed), compute the bias b̂g from them, and then compute
their sample variance. The resulting error bars can be
analyzed using the well-known Student’s t-distribution.
The “1σ” t error bars (which have 49 degrees of free-
dom) obtained by this method are shown in Table II.
The mean bias values obtained from these 50 random re-
alizations are shown in the “random” column in the table.
Also shown in Table II (in the “foreground” columns) are
the results obtained by feeding the Galactic foreground
templates of Sec. VI E 2 through the lensing pipeline and
correlating these with the real LRG map.

In the case of the Kp05∩S10 cut (last column in Ta-
ble II), which does not reject point sources, the v(QQ),
v(QV ), and v(QW ) maps have power spectra that are
boosted significantly by point source contamination (see
Sec. VI D 1). Therefore, even if the correlation of the
point sources with the galaxies can be neglected, the er-
ror σ(bg) obtained in these bands for the Kp05∩S10 mask
is probably underestimated, as noted in the table.

The χ̂2 values for fits to zero signal are shown in Ta-
ble III. These are obtained using the 14 band cross-power
spectra (Fig. 8), and the 14×14 covariance matrix is ob-
tained from 100 simulations,

χ̂2 = [Γ̂−1(100 sims)]ABcAcB. (38)

Because the number of simulations is finite, there remains
some noise in this covariance matrix and this must be
taken into account in interpreting the χ̂2. In particular,
the χ̂2 variable does not exactly follow the standard χ2

(so we have denoted it with a hat). The distribution
and p-values can, however be calculated as described in
Ref. [93], Appendix D. As noted previously, the errors
for the Kp05∩S10\ps2 mask in the QQ, QV, and QW
combinations are suspect.

bg = 1.81±1.92 (bg ∼ 1.8)

Hirata et al 04
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What kind of an experiment?

T/S après reconstruction

!5 !K arc min, lensing is a minor contributor to the total
noise. Note that this noise level is still a factor of 100 "in
power# lower than expected Planck polarization noise, so
clearly any discussion of lensing-induced noise in B is rel-

evant only for a post-Planck CMB mission dedicated to po-

larization. For wP
"1/2#6 !K arc min a 10! beam results in a

total rms noise of 7.5 !K arc min and a 7! beam in

7.3 !K arc min for either method. Without cleaning, the

combined lensing and detector noise would be

8 !K arc min, so cleaning hardly improves anything at all.
Improvements appear when the detector noise drops below

the lensing noise, which for our model is 5.3 !K arc min. In
the intermediate range (2 –5 !K arc min) the quadratic esti-
mator is very similar to the iterative method in terms of the

residual noise. For example, for wP
"1/2#3 !K arc min the

residual noise is 4.5 !K arc min for a 7! beam, a factor of 2
greater in power than the detector noise alone and a factor of

2 lower than the no lens cleaning/large beam case. Going to

a 4! beam marginally improves upon this.

Finally, in the low-noise regime the iterative method

clearly outperforms quadratic method. The quadratic method

bottoms out roughly at wP ,e f f
"1/2 #2 !K arc min, which is a

factor of 7 improvement over the no cleaning lensing noise

of wP ,e f f
"1/2 #5.3 !K arc min. This bottoming out of the qua-

dratic method has led to the suggestion that the lensing noise

limit may be fundamental and cannot be improved upon

$10,11%. However, this conclusion is valid only for the qua-
dratic method, which is not the optimal method in the low-

detector-noise regime. We find that the iterative method al-

ways reduces the overall noise as the detector noise is

decreased, at least over the range tested with our simulations

"which should cover the range of interest for the next gen-
eration CMB satellite dedicated to polarization#. At the low-
est noise and smallest beam (0.25 !K arc min, 2!) tested in
our simulation the lensing noise is reduced by more than a

factor of 40. Further improvements are likely if the detector

noise is reduced below 0.25 !K arc min, but the iterative
method becomes very computationally expensive and we

have not explored these very low-detector-noise cases here.

For a given noise and lensing-induced B-mode power

spectrum, the uncertainty on r achievable with full sky cov-

erage ( f sky#1) is

&r
"2#wP ,e f f

2 '
l

2l$1

2
!CTl

BB

r
" 2, "7#

where CTl
BB is the GW power spectrum of B modes "Fig. 2#,

and wP is the inverse noise variance per solid angle per

polarization. Since r is merely supplying the normalization

of the tensor power spectrum, CTl
BB/r is fixed by the back-

ground cosmology. We are interested in large scales only, so

the noise spectrum has been approximated as a constant and

taken out of the sum. It is easy to see from this expression

that the limit on r#T/S is proportional to the noise weight

per solid angle wP ,e f f
"1 . Therefore, the noise degradation fac-

tors are the same as the r degradation factors. For partial-sky

coverage, Eq. "7# must be modified to take into account sky
cuts, which both reduce the number of CMB modes observed

and mix E and B modes at boundaries. Removal of the

E-contaminated modes is possible "see, e.g., Ref. $26%#, but it
causes the loss of modes of multipole l within angular dis-

tance O(l"1) of the survey boundary. This effect is most

important at low l: while &r( f sky
"1/2 for the recombination

peak on degree scales, the reionization peak present at l

%20 exhibits a much more complicated dependence on the
survey geometry due to cross leakage of E and B modes

induced by, e.g., the galactic plane cut $8%. Nevertheless, it
remains true even in the presence of sky cuts that &r

(wP ,e f f
"1 if only the pure B modes are used for GW searches.

"But note that for the reionization peak the uncertainty on r
can be non-Gaussian due to the small number of modes,

which complicates hypothesis tests for a GW contribution

$8%.#

III. DISCUSSION AND CONCLUSIONS

While the degradation factors can be computed indepen-

dently of the theoretical spectrum, the actual achievable val-

ues of r depend on it. It is worth considering the reionization

and recombination peaks separately. While the reionization

peak gives typically a higher signal-to-noise ratio if f sky
#1, it depends sensitively on the Thomson scattering optical
depth ) due to reionization, which is still rather uncertain
"although this may improve with future observations of the
reionization-induced TE correlation, which was recently de-

tected by WMAP $27,28%#. In addition, incomplete sky cov-

FIG. 2. Power spectra of noise for 2!, 0.25 !K arc min instru-
ment with no lensing cleaning, cleaning with the quadratic method,

and cleaning with the iterative maximum-likelihood method. Also

shown are two theoretical power spectra for r#2&10"5 and r

#10"6. Assuming these instrument specifications and iterative

method the former can be detected "at 2&) both in the reionization
peak (l%20) and in the recombination peak (l!20), while the
latter is detectable for l%20 only. The noise power spectra have
been averaged over the l%150 range.
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tion angle d) have not yet been computed. The safest ap-

proach is thus to use numerical Monte Carlo simulations,

which by construction include all of the terms.

B. Simulations

We compute the postcleaning B-mode noise power spec-

trum via simulation as follows. First, a simulated pure E

Gaussian CMB polarization field is generated using the un-

lensed Cl
EE power spectrum from CMBFAST !25" for the fidu-

cial cold dark matter with a cosmological constant (#CDM)
cosmology of Ref. !12". Then a Gaussian convergence field
$ is generated, and the polarization Q and U fields are

remapped according to Eq. %1&. We next add noise to the
polarization field with power spectrum

Cl
EE%noise&!Cl

BB%noise&!wP
"1exp

l% l#1 &'FWHM
2

8 ln 2
, %5&

where wP
"1/2 is the instrument noise %typically measured in

(K arc min) and 'FWHM is the full width at half maximum

%FWHM& of the instrument’s beam. The quadratic and itera-
tive lens reconstruction algorithms are then applied as de-

scribed in Ref. !12", with the modification that we remove
l$150 modes %technically we have set all rows and columns
corresponding to l$150 modes to zero in the ) matrices of

Ref. !12"&. Once the estimated convergence field $̂ has been
determined, it is used to ‘‘delens’’ the CMB polarization

map, thereby yielding a map of the primary polarization

field. We then compute the B-mode power by averaging

(B
l

(res))2 over the l$150 modes in the simulation. Each
simulation is run on a 2048%2048 square grid with periodic
boundary conditions and grid spacing of 1 arc min, corre-

sponding to a total area of 1165 square degrees. The residual

B-mode power spectra quoted here are determined by aver-

aging over four such simulations. We define the ‘‘effective

noise’’ by

wP ,e f f
"1 !Cl

BB%residual&; %6&

this has units of ((K arc min)2 and represents the white
noise from combined instrument noise and lensing residuals

that limits detectability of the GW signal. Figure 1 shows an

input B polarization map assuming C2
T/C2

S!0.012 %upper
left&, no cleaning map %upper right&, quadratic cleaning map
%lower right&, and iterative cleaning map %lower right&.

C. Results

The results for the error power spectrum of such a recon-

struction are shown in Table I for a variety of noise and beam

levels, for both quadratic and iterative methods. Since the

spectra are close to white noise for l$150, we show only the
amplitudes and not the full spectrum. Note that the noise

amplitude shown is the total noise and contains both lensing

and detector noise contributions. Also note that for the 20!
beam %and for larger beams&, cleaning can actually make the
B-mode noise worse because the delensing operation trans-

fers power from high-l , unresolved CMB modes down to

low l. In principle, this problem can be circumvented by

Wiener-filtering the CMB prior to the delensing operation;

we have not implemented this because lens cleaning is not

useful for such wide beams anyway.

The results can be divided into high-, intermediate-, and

low-noise regimes. For high detector noise, wP
"1/2

FIG. 1. Simulated extraction of a B mode from CMB data with

noise wP
"1/2!0.5 (K arc min and beam with FWHM of 4 arc min.

In each panel we have plotted the scalar quantity B!* lB le
il•n̂. For

clarity, only l$150 modes are shown. The widths of the frames are
34°, and the temperature scale runs from "0.136 to #0.136 (K.
Upper left: The primary B mode. Upper right: The B mode after

lensing and addition of 0.5 (K arc min noise. Lower left: Recov-
ered B mode after cleaning with the quadratic estimator. Lower

right: Recovered B mode after cleaning with the iterative estimator.

TABLE I. Residual B-mode contamination wP ,e f f
"1/2 in (K arc min

as a function of the instrument noise wP
"1/2 and beam FWHM.

Beam Instrument noise wP
"1/2 ((K arc min)

FWHM 6.00 3.00 1.41 1.00 0.50 0.25

Quadratic estimator

20! 8.73 7.13 6.70 6.48 5.71 4.75

15! 7.73 5.11 3.92 3.64 3.28 3.06

10! 7.49 4.79 3.53 3.22 2.88 2.68

7! 7.32 4.59 3.29 2.98 2.62 2.40

4! 7.20 4.39 3.02 2.69 2.30 2.09

2! 7.11 4.26 2.86 2.53 2.15 1.99

Iterative estimator

7! 7.31 4.45 2.87 2.42 1.80 1.45

4! 7.17 4.23 2.56 2.07 1.39 1.00

2! 7.09 4.10 2.40 1.91 1.22 0.83

U. SELJAK AND C. M. HIRATA PHYSICAL REVIEW D 69, 043005 %2004&

043005-4
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paramètres 
cosmologiques

À l’exception de T/S, peu affectées 

Pour l’instant pas d’expérience sensible

Effets des non gaussianités sur la 
matrice de covariance



Matrice de covariance des 
spectres

En première approximation

Termes non-gaussiens du même ordre dus à l’effet de 
lentille

Calculs en cours avec J. Rocher

Resultats préliminaires

contribution négligeable par rapport au bruit de 
mesure

Valide une approximation silencieuse assez répendue

CoVar(C!) =C2!



paramètres 
cosmologiques

Beaucoup à apprendre avec les 
corrélations croisées

Tomographie de la distribution de 
matière

Energie sombre 
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Fig. 6.— Statistical errors achievable on the deflection power
spectrum with the Planck (fsky = 0.65) and reference experiments
(fsky = 1). Boxes represent band averaging width and 1σ errors.
The polarization information in the reference experiment allows for
a cosmic variance limited measurement of the projected power spec-
trum out to L ∼ 1000. In this regime, the fluctuations are almost
completely linear (dashed lines).

dot and cross products

Gi(n̂) = 2
∑
jkm

Eijk(n̂)Bjm(n̂)εkm3 , (27)

where εijk is the Levi-Civita symbol. The deflection field
is then reconstructed as

dEB(L) = −AEB(L)

L
L ·G(L) . (28)

The other quadratic estimators can be constructed in a
similar fashion.

Fig. 5 shows an example of the EB reconstruction
compared with the ΘΘ reconstruction on a 10◦ × 10◦

field with the reference experiment. Notice that the EB-
reconstruction has substantially lower noise on small angu-
lar scales. We assume here that the unlensed power spec-
tra have been determined externally from precision satel-
lite missions and through the modelling with cosmological
parameters (see Hu 2001b). Errors in the determination
translate into non-optimal filters and a small bias in the
amplitude of the reconstructed maps.

5. APPLICATIONS

In this section, we outline four applications for mass re-
construction: measurement of the (linear) power spectrum
in projection, cross correlation with cosmic shear observa-
tions, cross correlation with the temperature field, and
decontamination of the polarization signature of gravita-
tional waves. The first three applications have been ex-
tensively discussed in Hu (2001c) for the ΘΘ temperature
based estimator and we refer the reader to details therein.
Here we focus on the additional information provided by
the polarization field.

5.1. Linear Power Spectrum

The most direct application of mass reconstruction is
to measure the matter power spectrum in projection, i.e.

10 100 1000
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Fig. 7.— Statistical errors on the cross correlation of CMB deflec-
tions and cosmic shear in three source redshift bands on a 1000 deg2

patch of sky for the Planck and reference experiment. Assumptions
for the cosmic shear experiment are given in the text. Precision
measurements from the polarization estimators enables highly sig-
nificant cross correlation detection and hence tomographic studies
of structure evolution.

the deflection power spectrum Cdd
L itself. Power spectrum

measurement requires only a statistical detection of the
deflection field, not a true reconstructed map and there-
fore can be extended to higher wavenumbers or smaller
scales than is possible for mapping. The noise level for the
estimation of band powers is reduced by averaging over L

directions in a band ∆L

∆Cdd
L ≈ 1√

L∆Lfsky
[Cdd

L + Nmv(L)] , (29)

where fsky is the fraction of the sky covered by the ex-
periment. In this approximation, the noise is assumed
to be Gaussian. This should be a good approximation
where the sample variance of the lenses dominates the
noise variance. Formally, the noise will be increasingly
non-Gaussian at high L as the estimator is constructed
out of fewer arcminute scale temperature and polarization
fluctuations. Quantification of this effect for the temper-
ature based reconstruction show that its effects are minor
(Hu 2001a); a full treatment requires the consideration
of the temperature-polarization trispectrum (Okamoto &
Hu, in prep.).

Polarization enables two advances over what can be
achieved by the temperature field alone. As in the case
of mapping, polarization enables precision measurements
at small scales through the EB-estimator. In Fig. 6,
we compare the Planck experiment (with fsky = 0.65)
and the reference experiment (with fsky = 1); as seen in
Fig. 3, former relies mainly on the ΘΘ-estimator and the
later on the EB-estimator. The noise in the Gaussian
approximation approaches the sample variance limit of
∆Cdd

L /Cdd
L = (L∆Lfsky)−1/2 on the scales L ∼< 1000, i.e.

a total of 1% precision in each 1% of sky. This corresponds

Corrélation croisée  
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ouverts



Cutting edge 
“Curl” (Cooray  et al 05)

Effet secondaire très faible

Effet des ondes gravitationnelles 
négligeable

“Polémique” sur le calcul  de l’effet de 
lentille

Importance des non-gaussianité de la  
distribution de matière (Amblard et al 04)

validité de l’approximation linéaire ? 
(Challinor  & Lewis 05) 
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Calcul de l’effet de 
lentille

f (κ) ·g(κ)∼ f (κ) · (g0(κ)+g1(κ)+ ...)

f (κ) ·g(κ)∼ g0 · f0+ f0 ·g1+ f1 ·g0+o(κ)

Problème de schéma de resommation

Argument massue ???

“Ordre plus haut résultat 
plus juste”

Convergence lente de la 
série dans les simulations

ΔC1,1!



Conclusion

Bon espoir pour les méthodes de 
détection/reconstruction

systématiques

autres  effets secondaires

Incertitude sur la mesure de T/S

Cout élévé de l’expérience

Interet des méthodes de corrélations 
croisées


