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1922 – Friedmann Showed that Einstein’s Equations have an 
	

 	

 expanding solution.

1929 – Hubble observed that 	

 –––>	

 Distance ∝ Redshift

In a HOMOGENEOUS Universe: Ho r = cz = c δλ / λ

Hubble Original data

The Expanding Universe

Ho = 500 km / s / Mpc
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1922 – Friedmann Showed that Einstein’s Equations have an 
	

 	

 expanding solution.

1929 – Hubble observed that 	

 –––>	

 Distance ∝ Redshift

In a HOMOGENEOUS Universe: Ho r = cz = c δλ / λ

The Expanding Universe

SN Ia 1996 data (RPK)

Ho = 65 ± 15 km / s / Mpc
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1922 – Friedmann Showed that Einstein’s Equations have an 
	

 	

 expanding solution.

1929 – Hubble observed that 	

 –––>	

 Distance ∝ Redshift

In a HOMOGENEOUS Universe: Ho r = cz = c δλ / λ

The Expanding Universe

SN Ia 2005 data (High-z)

Ho = 66 ± 7 km / s / Mpc
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1922 – Friedmann Showed that Einstein’s Equations have an 
	

 	

 expanding solution.

1929 – Hubble observed that 	

 –––>	

 Distance ∝ Redshift

In a HOMOGENEOUS Universe: Ho r = cz = c δλ / λ

The Expanding Universe

WMAP 3 year data

Ho = 72 ± 3 km / s / Mpc
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1922 – Friedmann Showed that Einstein’s Equations have an 
	

 	

 expanding solution.

1929 – Hubble observed that 	

 –––>	

 Distance ∝ Redshift

In a HOMOGENEOUS Universe: Ho r = cz = c δλ / λ

The Expanding Universe

Ho = 72 ± 3 km / s / Mpc

Freedman etal, 2003
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CfA 3–D

Is the Universe Homogeneous ?
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LCRS, Sheckman etal, 1996

Interference from the sun
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LCRS, Sheckman etal, 1996

Interference from the sun

Milkyway disc

Bright sources in the Milkyway

Is the Universe Homogeneous ?
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Is the Universe Homogeneous ?

Friday, November 27, 2009



 

October 29, 2004 UMKC Hume A. Feldman 7

Thomas, Melott, HAF & Shandarin 2004
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Redshift Distortions

HAF 2004
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Peculiar Velocity Field
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Test of gravitational instability model

Peculiar Velocity Field
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Test of gravitational instability model

Peculiar Velocity Field
Measure the line of sight peculiar velocities:

vp = cz – Hor
The difference between the redshift and the distance

  

r 
∇ ⋅

r 
V = −

δρ
ρ

      
r 
∇ ×

r 
V = 0

A direct probe of the mass distribution   
r 
V =

r 
∇ φ

Comparison of velocity fields & Luminous matter 
distribution ! ! !            bias, Ω ...

Why should we study vp ?

The peculiar velocity field is dominated by large scales
Linear structure
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A direct probe of the mass distribution !V = −!∇φ
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How to measure cosmological distances?

aka  The Cosmic Distance Ladder
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• Find correlated observables:	

 	

 	

 	


	

 Period – Luminosity	

  variable stars (Cepheids, RR-Lyr, …)

The Cosmic Ladder
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• Use variable stars to find distances to distant galaxies

The Cosmic Ladder

• Tully – Fisher	

 	

 Spiral galaxies	

 L ∝ vr4
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Tully–Fisher
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∆D =        relative difference 
between the distances of 
the two clusters

Abell 1367

Fornax cluster

Tully–Fisher
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• Use variable stars to find distances to distant galaxies

• Find correlated 
observables:	

 	

 	

 	

 	

 	

 	

 Period – 
Luminosity	

   variable stars (Cepheids, RR-Lyr, …)

The Cosmic Ladder

Dn ∝ rc < I >
0.8

c

log Dn = 1.333 log σ + constant

• Tully – Fisher	

 	

 Spiral galaxies	

 L ∝ vr
4

• Dn – σ	

 	

 	

 Elliptical galaxies	

 L@Bi ∝ σv
4

• Find other correlated observables:
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Dn − σ
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Dn − σ
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• Tully – Fisher	

 	

 Spiral galaxies	

 L ∝ vr4

• Supernaovae Type Ia	

 	

 Light Curve Shapes

• Dn – σ	
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• Tully – Fisher	

 	

 Spiral galaxies	

 L ∝ vr4

• Find other correlated observables:

• Use variable stars to find distances to distant galaxies

• Find correlated observables:	

 	

 	

 	


	

 Period – Luminosity	

  variable stars (Cepheids, RR-Lyr, …)

The Cosmic Ladder

• Sunayev–Zeldovich Effect (SZE)    	

 Cluster distances

• Supernaovae Type Ia	

 	

 Light Curve Shapes

• Dn – σ	

 	

 	

 Elliptical galaxies	

 L@Bi ∝ σv4
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SZ Effect
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SZ Effect
CMB photons Compton scatter on hot electrons in clusters.

Kinetic SZE: 
The bulk motion of the cluster red– or blue–shifts 

scattered γ 

Thermal SZE: 

The high T (keV) e– increase Eγ => non-thermal 
spectrum 
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Undistorted
CMBR

SZ Distorted CMBR

SZ Effect
Carlstrom etal , 2002

Measure of 
optical depth

Measure of 
Comptonization
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Lcl ≈ 10
12

L!

SZ Effect

Carlstrom, 1997
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To study the velocity field we first look at
Bulk Flows

At great distances we cannot measure the distances accurately
e.g.    At 10,000 km / s   (100 h-1 Mpc)
uncertainty of 10% → 1,000 km / s

We want to measure peculiar velocities of 
≤ 500 km / s

Combine data to find net motion of a volume

Beat down the error by √N

As R becomes large, expect vp→ 0

Test homogeneity 

R
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Applications

1975 –  Rubin & Ford: 	

 Sc Galaxies (Hor ≤ 10,000 km/s)

	

 	

 	

 	

 VLG ~ 550 km/s

1976 – CMB Dipole:	

 	

 VLG ~ 620 km/s
1987 – 7 Samurai:	

 	

 Dn – σ (Hor ≤ 6,000 km/s)

	

 	

 	

 	

 V7SIF ~ 550 km/s   

Cautionary history lesson
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 VSNIF ~ 400 km/s  (No attractor?)

Cautionary history lesson

Friday, November 27, 2009



Velocity FieldsHume A. Feldman Séminaires IAP, 27th Novembre, 2009 32

Local Group Velocity Cautionary history lesson
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Local Group Velocity

VCMB   271o  +29o  620 km / s
VLP   220o  –28o  561 ± 284 km / s

VRPK   260o  +54o  600 ± 350 km / s
VSMAC   195o      0o  700 ± 250 km / s

VLP10k   173o  +63o                 1000 ± 500 km / s
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Local Group Velocity

VCMB   271o  +29o  620 km / s
VLP   220o  –28o  561 ± 284 km / s

VRPK   260o  +54o  600 ± 350 km / s
VSMAC   195o      0o  700 ± 250 km / s

VLP10k   173o  +63o                 1000 ± 500 km / s
VSC   180o       0o  100 ± 150 km / s

Cautionary history lesson
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¿ Why ?
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In large scale observations we look for
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In large scale observations we look for
Estimators
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In large scale observations we look for
Estimators

We try to estimate an underlying quantity

e.g.

  
˜ p = N d3k

2π( )3 p
r 
k ( )W

r 
k ( )∫

Estimator = True quantity ⊗ Window function
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˜ p = N d3k

2π( )3 p
r 
k ( )W

r 
k ( )∫

0.020.020.02 0.1 0.2

0

0.1

0.2

0.3 sc2

0.020.020.02 0.1 0.2

smac

0.020.020.02 0.1 0.2

EFAR
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Velocity Fields
The Modern Version

HAF, Watkins & Hudson, In preperation (2009)

Watkins, HAF & Hudson, MNRAS, 392, 743-756 (2009)

HAF & Watkins, MNRAS 387, 825-829 (2008) 

Watkins & HAF, MNRAS 379, 343-348 (2007)

Sarkar, HAF & Watkins, MNRAS 375 691-697 (2007)
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Redshift–Distance surveys
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• Construct the full three dimensional bulk-flow vectors. 
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• Compare bulk-flow for peculiar velocity surveys.
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• Surveys differ in their 
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• Construct the full three dimensional bulk-flow vectors. 

• Compare bulk-flow for peculiar velocity surveys.

• Surveys differ in their 

o geometry

o measurement errors

o galaxy types.

• The overall errors are

• Statistical

• Systematic

• Aliasing

Redshift–Distance surveys
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On scales that are small compared to the Hubble radius,  
galaxy motions are manifest in deviations from the idealized 

isotropic cosmological expansion

The Physics of Velocity Fields

The redshift–distance samples, obtained from peculiar 
velocity surveys, allow us to determine the radial (line–of–
sight) component of the peculiar velocity of each galaxy:

Friday, November 27, 2009



Velocity FieldsHume A. Feldman Séminaires IAP, 27th Novembre, 2009 40

Galaxies trace the large–scale linear velocity field v(r) which is 
described by a Gaussian random field that is completely 
defined, in Fourier space, by its velocity power spectrum Pv(k).

The Physics of Velocity Fields

Fourier Transform of the line-of-sight velocity 

Define the velocity power spectrum Pv(k)
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In linear theory, the velocity power spectrum is related to 
the density power spectrum

The Physics of Velocity Fields
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In linear theory, the velocity power spectrum is related to 
the density power spectrum

The Physics of Velocity Fields

The rate of growth of the 
perturbations at the 

present epoch
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In linear theory, the velocity power spectrum is related to 
the density power spectrum

The Physics of Velocity Fields
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In linear theory, the velocity power spectrum is related to 
the density power spectrum

The Physics of Velocity Fields

The power spectrum provides a complete statistical 
description of the linear peculiar velocity field.
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Likelihood Methods for Peculiar Velocities
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A catalog of peculiar velocities galaxies, labeled by an 
index n 
Positions rn    

Estimates of the line-of-sight peculiar velocities Sn   

Uncertainties σn 

Assume that observational errors are Gaussian 
distributed.

Likelihood Methods for Peculiar Velocities
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A catalog of peculiar velocities galaxies, labeled by an 
index n 
Positions rn    

Estimates of the line-of-sight peculiar velocities Sn   

Uncertainties σn 

Assume that observational errors are Gaussian 
distributed.

Likelihood Methods for Peculiar Velocities

Model the velocity field as  a uniform streaming motion, 
or bulk flow,  denoted by U, about which are random 
motions drawn from a Gaussian distribution with a 1-D 

velocity dispersion σ* 
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Likelihood Methods for Peculiar Velocities
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Likelihood Methods for Peculiar Velocities

The measured peculiar velocity of galaxy n
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Likelihood Methods for Peculiar Velocities

The measured peculiar velocity of galaxy n

A Gaussian with zero mean 
and variance
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Likelihood Methods for Peculiar Velocities

The measured peculiar velocity of galaxy n

A Gaussian with zero mean 
and variance

Rij = vi vj = Rij
(v ) + δ ij σ i

2 +σ *
2( )

Theoretical covariance 
matrix for the bulk 
flow components
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Likelihood Methods for Peculiar Velocities

The measured peculiar velocity of galaxy n

A Gaussian with zero mean 
and variance

Rij = vi vj = Rij
(v ) + δ ij σ i

2 +σ *
2( )

Rij
(v ) =

1
2π( )3

P(v )(k)Wij
2 (k)d3k∫

=
H2 f 2 Ω0( )
2π 2

P(k)Wij
2 (k)dk∫

Theoretical covariance 
matrix for the bulk 
flow components
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Likelihood Methods for Peculiar Velocities
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Question: Are surveys consistent with each other?
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Question: Are surveys consistent with each other?

Even if two surveys are measuring the same 

underlying velocity field, they will not necessarily give 

the same bulk flow.   
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Even if two surveys are measuring the same 

underlying velocity field, they will not necessarily give 
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★ measurement errors in the peculiar velocities
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Likelihood Methods for Peculiar Velocities

Question: Are surveys consistent with each other?

Even if two surveys are measuring the same 

underlying velocity field, they will not necessarily give 

the same bulk flow.   

Reasons:

★ measurement errors in the peculiar velocities

★ surveys probe the velocity field in a different way
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Hudson, 2003
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Comparing Velocity Field Surveys
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Comparing Velocity Field Surveys
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Can we do better?

Get rid of small scale aliasing?
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Can we do better?

Get rid of small scale aliasing?

Improve the window 
function design
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2π( )3 p
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Window Function Design
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Window Function Design
Decomposition of the velocity field

Kaiser 88, Jaffe Kaiser 95
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Window Function Design
Decomposition of the velocity field

Kaiser 88, Jaffe Kaiser 95

Bulk Flow Shear Octupole
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Window Function Design
Decomposition of the velocity field

Kaiser 88, Jaffe Kaiser 95

Bulk Flow Shear Octupole

If the velocity is a potential flow then both shear and 
octupole are symmetric (curl Free)
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Window Function Design
Decomposition of the velocity field

Kaiser 88, Jaffe Kaiser 95

Bulk Flow Shear Octupole

If the velocity is a potential flow then both shear and 
octupole are symmetric (curl Free)

 3 DoF for BF
 6 DoF for shear
 10 DoF for Octupole
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Window Function Design
Decomposition of the velocity field

Kaiser 88, Jaffe Kaiser 95

Bulk Flow Shear Octupole

If the velocity is a potential flow then both shear and 
octupole are symmetric (curl Free)

 3 DoF for BF
 6 DoF for shear
 10 DoF for Octupole } 19 Independent 

components
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Window Function Design
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Window Function Design

depends on the spatial distribution and the errors.

wi,n = A−1
ij

�

n

xj · rn

σ2
n + σ2

∗

The BF Maximum Likelihood Estimates of the weights (MLE)
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Window Function Design

depends on the spatial distribution and the errors.

wi,n = A−1
ij

�

n

xj · rn

σ2
n + σ2

∗

The BF Maximum Likelihood Estimates of the weights (MLE)

Goal:
 Study motions on largest scales
 Require WF that 
 have narrow peaks 
 small amplitude outside peak
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Consider an ideal survey
 Very large number of points
 Isotropic distribution
 Gaussian falloff n(r) ∝ exp(−r2/2R2

I)

ui =
�

n

wi,nSn

�(ui − Ui)2�
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Window Function Design

RI Depth of the survey

Find the weights that specify the moments

that minimize the variance
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Window Function Design
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gp(rn)sn/N
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Window Function Design
Ideal velocity moments
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n

gp(rn)sn/N

�

n

w�
p,nsn
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Ideal velocity moments
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n
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p,n = gp(rn)/Nwhere
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Moment amplitudes are linear combinations of the velocities

Up =
�

n

gp(rn)sn/N

�

n

w�
p,nsn w�

p,n = gp(rn)/Nwhere

On average, the correct amplitudes for the velocity moments

�up� = Up
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Window Function Design
Ideal velocity moments

Friday, November 27, 2009



Moment amplitudes are linear combinations of the velocities

Up =
�

n

gp(rn)sn/N

�

n

w�
p,nsn w�

p,n = gp(rn)/Nwhere

On average, the correct amplitudes for the velocity moments

�

n

wp,ngq(rn) = δpq

�up� = Up

Require that
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Window Function Design
Ideal velocity moments
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Window Function Design

Friday, November 27, 2009



Velocity FieldsHume A. Feldman Séminaires IAP, 27th Novembre, 2009

Enforce this constraint using Lagrange multiplier

55

Window Function Design

�(Up − up)2� +
�

q

λpq(
�

n

wp,ngq (rn) − δpq)
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Enforce this constraint using Lagrange multiplier

55

Window Function Design

�(Up − up)2� +
�

q

λpq(
�

n

wp,ngq (rn) − δpq)

�U2
p � −

�

n

2wp,n�SnUp� +
�

n,m

wp,nwp,m�SnSm� +

�

q

λpq

�
�

n

wp,ngq(rn) − δpq

�
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wp,n

or expand out the variance
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Enforce this constraint using Lagrange multiplier

Minimize with respect to

55

Window Function Design

�(Up − up)2� +
�

q

λpq(
�

n

wp,ngq (rn) − δpq)

�U2
p � −

�

n

2wp,n�SnUp� +
�

n,m

wp,nwp,m�SnSm� +

�

q

λpq

�
�

n

wp,ngq(rn) − δpq

�
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Window Function Design
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−2�SnUp� + 2
�

m

wp,m�SnSm� +
�

q

λpqgq(rn) = 0
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Window Function Design
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wp,n =
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m

G−1
nm

�
�SmUp� −

1
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�

q
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�
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Window Function Design
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Peculiar Velocity Surveys
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Peculiar Velocity Surveys
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Peculiar Velocity Surveys

Friday, November 27, 2009



Velocity FieldsHume A. Feldman Séminaires IAP, 27th Novembre, 2009 60

Peculiar Velocity Surveys
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Peculiar Velocity Surveys
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Peculiar Velocity Surveys
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Peculiar Velocity Surveys
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Peculiar Velocity Surveys
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Peculiar Velocity Surveys

Friday, November 27, 2009



Velocity FieldsHume A. Feldman Séminaires IAP, 27th Novembre, 2009 66

Peculiar Velocity Surveys
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Peculiar Velocity Surveys
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Peculiar Velocity Surveys
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Window Function Design
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Window Function Design
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Bolejko & Hellaby 2008

Is there an attractor?
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Is there an attractor?

MV Flow Direction
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biases the results, hiding large-scale flows
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shows the flow

Bulk flow disagrees with the Standard   CDM parameters 
(WMAP5) to  

Λ
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Conclusions
Given appropriate window functions, velocity field surveys 
are consistent with each other.
Maximum Likelihood parameter estimation are robust and 

mostly agree with other methods. 

∼ 3σ
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ML BC
Ωm = 0.258 σ8 = 0.796 Ωm = 0.28 σ8 = 0.86

Survey χ2 P (> χ2) χ2 P (> χ2)
SHALLOW 1.95 0.583 1.83 0.608
DEEP 8.75 0.033 8.32 0.040
SFI++ 13.60 0.004 12.85 0.005
COMPOSITE 13.77 0.003 13.02 0.005
EXPECTED 1-D RMS 106 km/s 109 km/s

Velocity FieldsHume A. Feldman Séminaires IAP, 27th Novembre, 2009 95

Comparing to WMAP

              0.23     0.25     0.27     0.29
Ωm
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σ8 lower limits from Flows
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Reichardt et al 2008 (ACBAR)

CMB
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Reichardt et al 2008 (ACBAR)

95% cl

99% cl

Flows

CMB
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Juszkiewicz, HAF, Fry, Jaffe

ArXiv:0901.0697 (2009)

Estimating the Nonlinear Evolution 
of 
σ8 

the Amplitude of 
Cosmological Density Fluctuations 

on 
8 h-1Mpc scale
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The variance of mass M in a volume element d3z at 
position z relative to one of a pair of galaxies at 
separation r is

Background

dM = ρξ(r)−1ζρ(r, z, |r− z|)d3z
Davis & Peebles (1983)
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The variance of mass M in a volume element d3z at 
position z relative to one of a pair of galaxies at 
separation r is

Background

dM = ρξ(r)−1ζρ(r, z, |r− z|)d3z

Davis & Peebles (1983) observed that the variance of 
optically selected galaxy number counts is approximately 
unity within spheres of radius 8 h-1 Mpc 

Galaxy Correlation function

Mass Correlation function

Davis & Peebles (1983)
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Background
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Since then the amplitude of cosmological density 
fluctuations, σ8, has been studied and estimated by 
analysing many cosmological observations. 
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Since then the amplitude of cosmological density 
fluctuations, σ8, has been studied and estimated by 
analysing many cosmological observations. 

The values of the estimates vary considerably 
between the various probes. 

However, different estimators probe the value of σ8 in 
different cosmological scales and do not take into 
account the nonlinear evolution of the parameter at 
late times. 

Background
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Conventional Wisdom
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Large scale cosmological structure arises from small initial 
Gaussian fluctuations imprinted on the early Universe that then 

evolve and are amplified by gravitational instability

Conventional Wisdom

Large scale motion is one manifestation of gravity.
Flows are of interest because they respond to dark matter

• Relative motion of galaxies - Pairwise velocities

• Bulk flow

• Velocity shear

• Octupole and higher moments...
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Bulk Flow (vrms)  in linear theory
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Bulk Flow (vrms)  in linear theory

< v
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H
2
of

2(Ωm,ΩΛ)
2π2

�
dkP (k)W 2
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Bulk Flow (vrms)  in linear theory

Gaussian WF
f2(Ωm,ΩΛ) ≈ Ω0.55

m Growth factor

< v
2(R) >=

H
2
of

2(Ωm,ΩΛ)
2π2

�
dkP (k)W 2

G(kR)

Linder (2005)
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Gaussian WF
f2(Ωm,ΩΛ) ≈ Ω0.55

m

P (k) = AknsT 2(k) Power Spectrum
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Power Spectrum

Growth factor

< v
2(R) >=

H
2
of

2(Ωm,ΩΛ)
2π2

�
dkP (k)W 2

G(kR)

Linder (2005)
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σ2
8 =

A

2π2

�
dk k2knsT 2(k)W 2

TH
(8k)

Normalization of PS

Power Spectrum

Growth factor

Tophat WF

< v
2(R) >=

H
2
of

2(Ωm,ΩΛ)
2π2

�
dkP (k)W 2

G(kR)

Linder (2005)
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The mean square density contrast at redshift z in a 
spherical volume V with a comoving radius R is given 
by the expression

σ2(R, z) =
1

V 2

�

V
d3r d3s ξ(|r− s|, z)
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The mean square density contrast at redshift z in a 
spherical volume V with a comoving radius R is given 
by the expression

σ2(R, z) =
1

V 2

�

V
d3r d3s ξ(|r− s|, z)

ξ(r) is the two-point correlation function

σ8 ≡ σ(8h−1Mpc, 0)

The amplitude of cosmological density fluctuations in a 
sphere of 8 h-1 Mpc
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σ8 = σ(8h−1Mpc, z)
D(0)
D(z)

D(z): Perturbation theory linear growth factor 

Local surveys (velocity fields surveys, shallow z-surveys) can 
estimate σ8 directly

Deep, large scale surveys estimate the σ parameter 
at high z and linearly evolve it to get σ8 (e.g. 

WMAP z > 1000)

Galaxy surveys estimate  σgal

Linear bias (Kaiser, 1988)
b2 ≡

σ2
gal

σ2
mass

=
1
σ2

8
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The scale 8 h-1 Mpc was chosen to be at the threshold of 
nonlinearity

Even at this scale there are non-negligible systematic 
differences because of nonlinear effects

Nonlinear evolution of gravitational clustering can be seen in 
redshift surveys (Feldman etal 2001, verde etal 2002)

Differences between estimates of σ8 from various probes:

CMB σ8 ≈ 0.8

z-surveys σ8 ≈ 0.95

cosmic flows σ8 ≈ 1.1
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Nonlinear corrections to σ8

Pair conservation, one-loop perturbative corrections to 
the leading order variance σL(r) for Power law spectrum

σ2 = σ2
L + βσ4

L

β = 1.843− 1.168γ

γ(r) = −d ln ξ

d ln r
Logarithmic slope of ξ

(Scoccimarro & Frieman, 1996)

106
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σ2 = σ2
L + βσ4

L

One-loop nonlinear corrections
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σ2
L(r) =

�
1 + 4βσ2(r)− 1

2β

Invert 

σ2 = σ2
L + βσ4

L

One-loop nonlinear corrections
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σ2
L(r) =

�
1 + 4βσ2(r)− 1

2β

Invert 

σ2 = σ2
L + βσ4

L

σ = 1.13+0.22
−0.23

σL = 1.013+0.168
−0.183

Pairwise velocity estimate

Linear evolution estimate

One-loop nonlinear corrections

107

Friday, November 27, 2009



Velocity FieldsHume A. Feldman Séminaires IAP, 27th Novembre, 2009 108

Friday, November 27, 2009



Velocity FieldsHume A. Feldman Séminaires IAP, 27th Novembre, 2009

PT

108

Friday, November 27, 2009



Velocity FieldsHume A. Feldman Séminaires IAP, 27th Novembre, 2009

PT

Fluctuation 
Amplitude

108

Friday, November 27, 2009



Velocity FieldsHume A. Feldman Séminaires IAP, 27th Novembre, 2009

PT
Ho or 
scale

Fluctuation 
Amplitude

108

Friday, November 27, 2009



Velocity FieldsHume A. Feldman Séminaires IAP, 27th Novembre, 2009

PT
Ho or 
scale

Fluctuation 
Amplitude

108

Evolution
Saturates for ΛCDM

Friday, November 27, 2009



Velocity FieldsHume A. Feldman Séminaires IAP, 27th Novembre, 2009

WMAP

Pairwise velocities

PT
Ho or 
scale

Fluctuation 
Amplitude

108

Evolution
Saturates for ΛCDM

Friday, November 27, 2009



Velocity FieldsHume A. Feldman Séminaires IAP, 27th Novembre, 2009

WMAP

Pairwise velocities

PT
Ho or 
scale

Fluctuation 
Amplitude

108

Evolution
Saturates for ΛCDM

BBKS (1986) 
Transfer Function

Peacock & Dodd 
(1996) Fitting
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xi =
� ∞

0
dk W (k)Pp(k)T 2

i (k)
An observable
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xi =
� ∞

0
dk W (k)Pp(k)T 2

i (k)

Pp(k) ∝ kn the primordial power spectrum (initial conditions)

Ti2(k) the transfer function (physics)

W(k) the window function (instrument, geometry, errors...)

CMB xi = Cl

z-surveys xi = P(ki)
velocity surveys xi = Pv(ki)

An observable
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Linear clustering evolution

δ(x, a) = δ0(x)D(a)
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Linear clustering evolution

δ(x, a) = δ0(x)D(a)
Primordial linear clustering Growth function

scale factor

In ΛCDM, gravitational clustering is balanced by the effective 
force of accelerated expansion ⇒ saturate at maximum value

lim
t→∞

D(t) =
2Γ(2/3)Γ(11/6)√

π

�
Ωm

1− Ωm

�1/3

≈ 1.01 for Ωm = 0.26 . (Lahav etal 1991)
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lim
t→∞

D(t) =
2Γ(2/3)Γ(11/6)√

π

�
Ωm

1− Ωm

�1/3

≈ 1.01 for Ωm = 0.26 . (Lahav etal 1991)
Which fails for a > 1.
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Linear clustering evolution

δ(x, a) = δ0(x)D(a)
Primordial linear clustering Growth function

scale factor

In ΛCDM, gravitational clustering is balanced by the effective 
force of accelerated expansion ⇒ saturate at maximum value

lim
t→∞

D(t) =
2Γ(2/3)Γ(11/6)√

π

�
Ωm

1− Ωm

�1/3

≈ 1.01 for Ωm = 0.26 . (Lahav etal 1991)
Which fails for a > 1.

A fitting formula that works to the one-percent level in 
both the past and the future is D(a) =

a

(1 + a2.5)0.4
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Linear
Peacock & Dodd (1996)
Smith etal (2003)

 Dimensionless Power Spectrum
Δ2(k) ≡ 4π k3 P(k) / (2π)3
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Linear
Peacock & Dodd (1996)
Smith etal (2003)

 Dimensionless Power Spectrum
Δ2(k) ≡ 4π k3 P(k) / (2π)3
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Linear
Peacock & Dodd (1996)
Smith etal (2003)

 Dimensionless Power Spectrum
Δ2(k) ≡ 4π k3 P(k) / (2π)3
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a = 1

Friday, November 27, 2009



Velocity FieldsHume A. Feldman Séminaires IAP, 27th Novembre, 2009 112

Linear
Peacock & Dodd (1996)
Smith etal (2003)

 Dimensionless Power Spectrum
Δ2(k) ≡ 4π k3 P(k) / (2π)3
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Linear
Peacock & Dodd (1996)
Smith etal (2003)

 Dimensionless Power Spectrum
Δ2(k) ≡ 4π k3 P(k) / (2π)3
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Linear
Peacock & Dodd (1996)
Smith etal (2003)

 Dimensionless Power Spectrum
Δ2(k) ≡ 4π k3 P(k) / (2π)3
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a = 8
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 Dimensionless Power Spectrum
Δ2(k) ≡ 4π k3 P(k) / (2π)3

0.1 1 10 100

Linear
Peacock & Dodd (1996)
Smith etal (2003)
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σ Past and Future
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Nonlinear clustering evolution
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σ8 is rarely directly measured
σ8 is estimated as one of the parameters of the power 
spectrum 
Since the power spectrum is not known at all relevant 
scales

We need to deconvolve the transfer function (linear 
or nonlinear) and the window function

Recently there were many attempts to estimate σ8

In general:
low values for deep surveys
high values for shallow surveys

Nonlinear clustering evolution
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Deep surveys
CMB: 
✤ linear; complicated, 
✤ model dependent procedure
✤ sensitive to Bayesian priors

σ8 = 0.796 ± 0.036        WMAP 5-years
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Deep surveys
CMB: 
✤ linear; complicated, 
✤ model dependent procedure
✤ sensitive to Bayesian priors

σ8 = 0.796 ± 0.036        WMAP 5-years

Ly-α measurements are sensitive to: 
★ comparison between observation and numerical models
★ absorption - flux decrement which is poorly known

σ8 = 0.85 ± 0.02 

Cluster measurements are sensitive to: 
• comparison between observation and numerical models
• X-ray flux and optical richness can be confusing

σ8 = 0.786 ± 0.011 

Seljak etal 2006
Zaldarriaga etal 2003 

Vikhlinin etal 2008

Recent Measurements
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Intermediate scale surveys
Recent Measurements
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Intermediate scale surveys
Cosmic shear measurements are sensitive to: 

complicated line of sight integral of matter density
messy window functions
large systematic errors due to intrinsic galaxy properties

σ8 = 0.84 ± 0.05 
Benjamin etal 2007 
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Intermediate scale surveys
Cosmic shear measurements are sensitive to: 

complicated line of sight integral of matter density
messy window functions
large systematic errors due to intrinsic galaxy properties

σ8 = 0.84 ± 0.05 

SZ measurements are sensitive to 
✦ Amplitude ~  σ87

σ8 = 0.94 ± 0.04 

Galaxies measurements are sensitive to 
Amplitude - Shape degeneracies
σ8gal not σ8

σ8 = 0.915 ± 0.06 

Benjamin etal 2007 

Riechardt etal 2008 

Cole etal 2005 2dF
Tegmark etal 2003 SDSS
Eisenstein etal 2005 SDSS

Recent Measurements
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Recent Measurements
Local surveys

Pairwise velocities 
σ = 1.13+0.22

−0.23

σL = 1.013+0.168
−0.183

HAF etal 2008 
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Recent Measurements
Local surveys

Pairwise velocities 
σ = 1.13+0.22

−0.23

σL = 1.013+0.168
−0.183

Bulk Flows 
Lower limits 
σ8 > 1.109 (0.878) 
at  95% (99%) CL
σL > 1.00 (0.755) 
at  95% (99%) CL

HAF etal 2008 

Watkins, HAF & Hudson 2008 
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σ8 from various estimators

Method Parameter value
CMB σL 0.80± 0.04
LY-α σL 0.85± 0.02
Clusters σL 0.786± 0.011
Cosmic Shear σL 0.84± 0.05
SZ (ACBAR) σ8 0.94+0.03

−0.04

Galaxies σgal
8 0.92± 0.06

Flows
Pairwise velocities σ8 1.13+0.22

−0.23

Bulk flow σ8 > 1.11 (0.88) at 95% (99%)
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Clusters
Vikhlinin etal 2009

WMAP 3 Years
Spergel etal 2007

WMAP 5 Years
Dunkley etal 2009

Weak lensing Shear
Hoekstra etal 2006

Weak lensing Shear
Fu etal 2008

Cluster Galaxy Mass Dynamics
Rines etal 2007

X-Ray Clusters
Reiprich & Bohringer 2002

Vikhlinin etal 2009
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• Ignoring nonlinear effects tend to 
systematically suppress σ8 estimates. 
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• Ignoring nonlinear effects tend to 
systematically suppress σ8 estimates. 

• When estimates from deep surveys are 
being corrected for nonlinearities, most 
estimates from various independent 
surveys agree quite well with each 
other.

Conclusions
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Thank you
Merci bien
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